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ABSTRACT 
BOUNDARY EFFECTS ON JET FLOW PATTERNS RELATED TO WATER QUALITY AND 
POLLUTION PROBLEMS 
An exper imenta l  and a n a l y t i c a l  s tudy  o f  the  m o d i f i c a t i o n  o f  j e t  f l o w  
p a t t e r n s  by a  nearby f r e e  su r face  and nearby h o r i z o n t a l  o r  g e n t l y  down- 
ward s l o p i n g  p l ane  bed i s  descr ibed. The p a t t e r n s  were found t o  be 
r a d i c a l l y  d i f f e r e n t  f rom those f o r  a  deeply submerged j e t .  Both the  
f r e e  su r f ace  and bed tend t o  a t t r a c t  t h e  j e t  and b o t h  cause spreading 
o f  the f l o w  i n  t h e i r  p r o x i m i t y .  One boundary g e n e r a l l y  proves t o  be 
dominant, depending upon t he  geome t r i ca l  parameters.  
The a n a l y t i c  s tudy used Re i cha rd t ' s  hypo thes is  and i t s  g e n e r a l i z a t i o n  
f o r  momentum, mass and heat  f l u x  by Alexander,  Baron & Comings. The 
techniques a r e  f i r s t  a p p l i e d  t o  p r e d i c t  t h e  e f f e c t  o f  f i n i t e  nozz le  s i z e  
on deeply submerged j e t  f l ows .  Then t h e  e f f e c t  o f  t he  f r e e  su r f ace  on a  
sha l low submerged j e t  i s  s t ud ied .  A  s t r o n g  i n f l u e n c e  by a  sma l l  i n i t i a l  
upward d e f l e c t i o n  o f  t he  j e t  i s  i nd i ca ted .  A p r e l i m i n a r y  suggest ion i s  
made f o r  a  mathemat ica l  model t o  represen t  a  sha l low submerged j e t  i n  a  
sha l low rese rvo i  r .  
The r e s u l t s  may be a p p l i e d  i n  t h e  s tudy o r  des ign o f  d i scharge  o u t l e t s ,  
syphon sp i l lways ,  h y d r a u l i c  breakwaters  and d i f f u s i o n  o f  t r a c e r s  i n  
streams. The d i f f u s i o n  o f  momentum, mass o r  heat  may be s t u d i e d  us i ng  
t he  a n a l y t i c  techniques.  
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NOTATION 
The f o l l o w i n g  symbols a r e  used i n  t h i s  r e p o r t :  
A = e f f l u x  area o f  j e t  
0 
B = cons tan t  i n  Eq. 28 
by = genera l  j e t  w i d t h  parameter 
b  = j e t  w i d t h  parameter f o r  momentum f l u x  
Cy = genera l  spreading c o e f f i c i e n t ;  de f i ned  by Eq. 34 
C = spreading c o e f f i c i e n t  f o r  momentum f l u x  
c  = s p e c i f i c  heat  o f  f l u i d  
P  
D = diameter o f  nozz le  o r  h e i g h t  o f  s l o t  
exp = exponen t ia l  f u n c t i o n  
e r f  = e r r o r  f u n c t i o n  
f ( y / x )  = f u n c t i o n  o f  y /x  
~ ( 7 )  = f u n c t i o n  o f  J de f i ned  by Eq. 70 
h  = v e r t i c a l  d i s t ance  below maximum f l u x  f o r  c e n t e r l i n e  p r o f i l e s  
j = exponent; j = 0  f o r  p l ane  symmetry, j = 1  f o r  a x i a l  symmetry 
R = m ix i ng  l e n g t h  
I n  E n a t u r a l  l o g a r i t h m  
l o g  = l o g a r i t h m  t o  base 10 
m = s u b s c r i p t  i n d i c a t i n g  a x i a l  value, except  f o r  x  
m 
o  = s u b s c r i p t  i n d i c a t i n g  e f f l u x  value, except  f o r  x  
0 
~ ( 5 )  = normal p r o b a b i l i t y  f u n c t i o n ,  de f i ned  by Eq. 50 
2  P(X 1 2 , ~ )  = .non -cen t ra l  ch i -square p r o b a b i l i t y  f unc t i on ,  w i t h  two degrees 
o f  freedom and n o n - c e n t r a l i t y  parameter h  
P ( ~ ~ \ V )  = ch i -square  p r o b a b i l i t y  f u n c t i o n  w i t h  vdegrees o f  freedom 
p  = f l u i d  p ressure  o r  s u b s c r i p t  deno t ing  peak va lue  
= f l u c t u a t i o n  from t ime mean va lue  o f  p .  
r = rad ius  de f i ned  by Eq.  62 
s  = r a d i a l  p o l a r  co -o rd i na te  i n  p l ane  o f  nozz le  d ischarge 
o r  r ec tangu la r  co -o rd i na te  i n  y  d i r e c t i o n  i n  p l ane  o f  
s l o t  d ischarge, o r  l a t e r a l  r ec tangu la r  co -o rd i na te  f o r  
sha l low submerged j e t  
- - 
2 2 '  
s+ 
= va lue  of  s  f o r  which [ u  / ( u  ) 3' = 0.5 
P  
S = s lope  o f  bed 
t = dummy v a r i a b l e  i n  Eq.  50, o r  t ime 
u  = ins tantaneous v e l o c i t y  i n  x  d i r e c t i o n  
u 1  = f l u c t u a t i o n  from t ime mean va lue  o f  u  
v  = instantaneous v e l o c i t y  i n  y  d i r e c t i o n  
v l  = f l u c t u a t i o n  from t ime mean va lue  o f  v  
t h  
w = concen t ra t i on  o f  i component; mass p e r  u n i t  f l u i d  mass i 
x = co -o rd i na te  i n  d i r e c t i o n  o f  j e t  a x i s  , 
I I 
, ,  
x = measured va lue  o f  x  
m 
8 .! 
x = va lue  o f  x  a t  which maximum f l u x  reaches f r e e  su r f ace  
s r 
-. 
x  = z e r o  c o r r e c t i o n  o r  o r i g i n  s h i f t  f o r  x * 
0 
y  = co -o rd i na te  normal t o  s l o t  edge f o r  p l ane  symmetry; 
r a d i a l  co -o rd i na te  f o r  a x i a l  symmetry 
z  = v e r t i c a l  r ec tangu la r  co -o rd i na te  
z  = v e r t i c a l  submergence o f  nozz le  c e n t e r l i n e  below f r e e  su r f ace  
0 
z1  = v e r t i c a l  d i s t ance  from nozz le  c e n t e r l i n e  t o  bed when x  = 0  
m 
z  = v e r t i c a l  co -o rd i na te  o f  maximum f l u x  
m 
~ ( x )  = gamma func t i on ,  argument x  
s =,apparen t  k inemat i c  v i s c o s i t y  
= d imension less v e r t i c a l  d i s t ance  de f i ned  by Eq.  68 
y = angular  p o l a r  co -o rd i na te  assoc ia ted  w i t h  s  f o r  a x i a l  
symme t r y  
5 = argument o f  normal p r o b a b i l i t y  f u n c t i o n ,  de f i ned  by 
Eq. 51 o r  Eq. 52 
8  = sma l l  i n i t i a l  angu la r  d e f l e c t i o n  o f  j e t  
el = temperature d i f f e r e n c e  from ambient a t  a  p o i n t  i n  t he  f l u i d  
AY = f u n c t i o n  o f  x, de f i ned  by Eq. 25 and Eq. 26 
A = non-cen t ra l  i t y  parameter f o r  non-cen t ra l  ch i -square  prob- 
a b i l i t y  f unc t i on ;  de f i ned  by Eq. 45 
v = degrees o f  freedom f o r  ch i -square  p r o b a b i l i t y  f unc t i on ;  
de f i ned  by Eq. 48, o r  k inemat i c  v i s c o s i t y  o f  f l u i d  
p  = f l u i d  dens i t y  
o = normal s t r e s s  
X 
T = shear s t r e s s  
XY 
X i  = argument o f  non-cen t ra l  ch i -square  d i s t r i b u t i o n ;  de f i ned  
by Eq. 45 
Y = pwi f o r  mass f l u x ;  = pcpel f o r  heat  f l u x ;  = pu f o r  momentum 
f l u x .  
I. INTRODUCTION 
Many problems i n  water  resources des ign a r e  assoc ia ted  w i t h  
submerged j e t  f l o w  p a t t e r n s  m o d i f i e d  by t he  ex i s t ence  o f  nearby r i g i d  
boundar ies,  f r e e  water  sur faces,  and dens i t y  o r  temperature d i  f fe rences  
between t h e  e f f l u e n t  and r e c e i v i n g  water ,  o r  by the  f a c t  t h a t  t he  j e t  
f l o w  d ischarges i n t o  a  ~nov ing  stream. Such boundary c o n d i t i o n s  p l a y  
an impor tan t  r o l e  i n  such d i ve r se  problems as, f o r  example: t h e  pre-  
d i c t i o n  o f  r e c y c l i n g  temperatures f o r  c o o l i n g  o f  thermal  power p l a n t s ;  
t h e  design o f  d i scharge  o u t l e t s ;  t he  behav io r  o f  a  sediment laden 
stream e n t e r i n g  a  r e s e r v o i r  o r  ocean; t he  design o f  syphon s p i l l w a y  
o u t l e t s ;  t he  use o f  t r a c e r s  i n j e c t e d  i n t o  penstocks i n  acceptance t e s t s  
f o r  t u rb i nes ;  and the  d i f f u s i o n  o f  t r a c e r s  o r  p o l l u t a n t s  i n  streams o r  
r e s e r v o i r s .  A l l  o f  these problems may be t o  a  degree i d e a l i z e d  as j e t  
f l o w  p a t t e r n s  sub jec ted  t o  mod i f y i ng  boundary c o n d i t i o n s .  
The pur-pose o f  t h i s  i n v e s t i g a t i o n  i s  t o  i s o l a t e  and examine 
i n  d e t a i l  t he  i n f l u e n c e  o f  two p a r t i c u l a r  boundary c o n d i t i o n s  on sub- 
merged t u r b u l e n t  j e t  f l o w  p a t t e r n s ,  namely: the  i n f l u e n c e  o f  a  nearby 
f r e e  water  sur face,  and t h e  i n f l uence  o f  a  nearby h o r i z o n t a l  o r  g e n t l y  
s l o p i n g  p l ane  bottom. The i n v e s t i g a t i o n  i s  con f i ned  t o  those j e t s  f o r  
which t h e  d e n s i t y  and temperature o f  t he  e f f l u e n t  and r e c e i v i n g  water  
a r e  the  same. However, use i s  made o f  a n a l y t i c  models which may be 
adapted more g e n e r a l l y .  
1  A  p rev i ous  r e p o r t  ( 9  ) p resen ted  exper imenta l  data on t h e  
m o d i f i c a t i o n  o f  submerged j e t  f l o w  p a t t e r n s  by a  nearby f r e e  water  
1 Numerals i n  parentheses r e f e r  t o  cor responding i tems i n  L i s t  o f  
References. 
sur face .  An a n a l y t i c  model capable  o f  p r e d i c t i n g  some fea tu res  o f  
such a  f l o w  q u a n t i t a t i v e l y  and o t h e r s  q u a l i t a t i v e l y  i s  p resen ted  
he re i n .  Th i s  aspect o f  t he  i n v e s t i g a t i o n  w i l l  be r e f e r r e d  t o  as a  
s tudy  o f  sha l low submerged j e t s  i n  deep r e s e r v o i r s .  
The o the r  o b j e c t i v e  o f  t he  p resen t  i n v e s t i g a t i o n  was t o  
c o l l e c t  exper imenta l  data on t he  behav io r  o f  a  submerged j e t  sub jec t  
t o  the  i n f l u e n c e  o f  bo th  a  f r e e  water sur face and a  plane, h o r i z o n t a l  
o r  s l o p i n g  lower f i x e d  boundary. The data,  t oge the r  w i t h  some pre- 
l i m i n a r y  a n a l y t i c  a n a l y s i s  i s  p resen ted  h e r e i n  and w i l l  be r e f e r r e d  
t o  as a  study o f  sha l low submerged j e t s  i n  sha l low r e s e r v o i r s .  
I n  o rde r  t o  p r o v i d e  some f u r t h e r  i n f o rma t i on  on t h e  u t i l i t y  
o f  t he  a n a l y t i c  model i t  i s  a p p l i e d  t o  t he  p r e d i c t i o n  o f  t he  f l o w  
p a t t e r n  c l o s e  t o  t he  nozz le  o f  a  deeply submerged t u r b u l e n t  j e t .  
The work upon which t h i s  r e p o r t  i s  based was suppor ted by 
a  match ing g r a n t  us ing  funds p rov ided  by the  O f f i c e  o f  Water Resources 
Research, Un i t ed  S ta tes  Department o f  the  I n t e r i ' o r  through t he  Water 
Resources Center, U n i v e r s i t y  o f  I l l i n o i s ,  and by the  U n i v e r s i t y  o f  
i \ I l l i n o i s .  The i n v e s t i g a t i o n  a l s o  b e n e f i t e d  f rom the  N a t i o n a l  Science 
i Foundat ion 's  c o n t i n u i n g  suppor t  o f  t h e  computa t iona l  f a c i l i t i e s  o f  the 
Department o f  Computer Science, U n i v e r s i t y  o f  I l l i n o i s .  
The au thors  expressed t h e i r  a p p r e c i a t i o n  t o  M r .  Jay M i l l e r ,  
Phys i ca l  Sciences S t a f f  A s s i s t a n t  i n  t h e  Department o f  C i v i l  Eng ineer ing  
I 
j and t o  Messrs. Bruce Sco t t ,  Gary Cinnamon, Abolghassem Keramat i, Ramana 
Mur ty ,  M a l i k  Hussain, Armen Assa tu r ian ,  Toby F reve r t ,  and Michael  
Theobold, s tuden t  a s s i s t a n t s ,  who a s s i s t e d  i n  t he  development o f  t h e  
apparatus and i n  p r o c u r i n g  data;  and t o  Mrs. Joanne Gar th  who typed 
t he  manuscr ip t .  
11. LITERATURE REV1 EW 
11. 1. Bas ic  Assumpt ions f o r  A n a l y t i c  Models 
Assumptions wh ich  a r e  comrnon t o  some p r e v i o u s l y  a p p l i e d  
methods o f  s o l u t i o n  For submerged t u r b u l e n t  j e t  f l o w s  may be con- 
v e n i e n t l y  c o n s i d e r e d  t o g e t h e r .  Assumiiig t h a t  t h e  f l o w  i s  s teady,  
incompress i  b l e ,  p lane -  o r -ax i symmet r i c ,  t h a t  t h e r e  a r e  no e x t e r n a l  
f o r c e s  and t h a t  t h e  v i s c o s i t y  i s  c o n s t a n t  t h roughou t  t h e  f l o w  f i e l d  
t h e  Nav ie r -S tokes  e q u a t i o n s  g i v e  (12) ,  f o r  t h e  a x i a l  f l o w  d i r e c t i o n ,  
x: 
H e r e i n  j = 0 f o r  p lane-symmetry and j = 1  f o r  a x i a l  symmetry; 
y  = t h e  c o r d i n a t e  normal  t o  t h e  a x i s ;  u  = the  i ns tan taneous  v e l o c i t y  i n  . 9 
t h e  x  d i r e c t i o n ;  v  = t h e  i ns tan taneous  v e l o c i t y  i n  t h e  y  d i r e c t i o n ;  
p = f l u i d  d e n s i t y ;  p  = p ressu re ;  and v = k i n e m a t i c  v i s c o s i t y  o f  t h e  
f l u i d .  The term a t  t h e  extreme r i g h t  o f  Eq. 1  i s  u s u a l l y  dropped on 
t h e  b a s i s  o f  t h e  boundary l a y e r  a p p r o x i m a t i o n s  a l t h o u g h  t h i s  i s  n o t  
necessary  i n  v iew  o f  a  l a t e r  assumpt ion  abou t  terms c o n t a i n i n g  v .  The 
e q u a t i o n  o f  c o n t i n u i t y  i s  g i v e n  by: 
Eq. 1  and Eq. 2  may be combined t o  g i v e :  
A p p l y i n g  Reynolds r u l e s  o f  averages (13) t h e  t i m e  average 
i 
1 v a l u e s  a r e  then  r e l a t e d  by: 
Denot ing,  f o r  example, t h e  t i m e  average v a l u e  o f  t h e  a x i a l  
I 
1 v e l o c i t y  by u and i t s  f l u c t u a t i o n  abou t  t h e  average by u 1  t h e  f o l l o w i n g  
r e l a t i o n s h i p s  f o r  t h e  v e l o c i t y  components and p r e s s u r e  may be w r i t t e n :  
S u b s t i t u t i o n  o f  Eqs. 5 i n  Eq. 4 and f u r t h e r  a p p l i c a t i o n  o f  
Reynolds r u l e s  o f  averages,  assuming t h a t  t h e  mean v a l u e s  a r e  taken  
\ o v e r  a  s u f f i c i e n t l y  l o n g  p e r i o d  o f  t i m e  f o r  them t o  be c o m p l e t e l y  inde- 
1 pendent o f  t ime,  y i e l d s :  
I 
i n  w h i c h  (14) 
- 
a; 
o x = - p + 2 p z -  PU' 2 
and 
w i t h  p = dynamic v i s c o s i t y  o f  t h e  f l u i d ;  o = t o t a l  normal  s t r e s s ;  and 
X 
T = t o t a l  shear s t r e s s .  The t o t a l  s t r e s s e s  a r e  composed o f  t h e  u s u a l  
x Y 
l a m i n a r  s t r e s s e s  p l u s  apparen t  o r  Reynolds s t r e s s e s  r e s u l t i n g  f rom t h e  
t u r b u l e n t  f l u c t u a t i o n s .  
Ave rag ing  t h e  c o n t i n u i t y  e q u a t i o n  i n  t h e  same f a s h i o n  y i e l d s :  
Two assumpt ions  wh ich  a r e  g e n e r a l l y  a p p l i e d  t o  s i m p l i f y  t h e  
I .  
above e q u a t i o n s  f o r  a p p l i c a t i o n  t o  submerged j e t  f l o w s  a r e  (a) t h a t  
momentum i s  conserved and (b) t h a t  t h e  Reynolds s t r e s s  terms i n  Eq. 8 
I a *  
and Eq. 9 a r e  g e n e r a l l y  much l a r g e r  than  t h e  v i s c o u s  terms wh ich  may be 
. . 
ignored.  As a  consequence o f  t h e  f i r s t  assumpt ion  t h e  p r e s s u r e  g r a d i e n t  
becomes z e r o  and t h e  normal  s t r e s s  may be c o n s i d e r e d  t o  be changed by a  
c o n s t a n t  v a l u e  (p) .  The s i m p l i f i e d  system o f  e q u a t i o n s  i s  then:  
where 
and 
- 
7 = -  p u ' v '  
x Y 
An e q u i v a l e n t  fo rm o f  t h e  above e q u a t i o n s  i s  o b t a i n e d  by 
d r o p p i n g  t h e  p r e s s u r e  g r a d i e n t  and v i s c o u s  terms i n  Eq. 4 w i t h  t h e  
r e s u l t  t h a t :  
Comparison o f  Eq. 13 w i t h  t h e  system o f  Equa t ions  10, 11, and 
12 shows t h a t  t h e  Reynolds s t r e s s  terms a r e  absorbed i n  t h e  l e f t - h a n d  
s i d e  o f  Eq. 13. 
, 11. 2. Assumptions by Boussinesq,  P r a n d t l ,  and Othe rs  
One c l a s s  o f  s o l u t i o n s  assumes t h a t  t h e  apparen t  normal  s t r e s s ,  
o ' i s  n e g l i g i b l e  i n  compar ison w i t h  t h e  apparen t  shear s t r e s s  so  t h a t  
X 
t h e  b a s i c  e q u a t i o n s  may be w r i t t e n  
- 
7 = -  p u ' v '  
XY 
F u r t h e r  s i m p l i f i c a t i o n  l e a d i n g  t o  s o l u t i o n s  i s  t h e n  o b t a i n e d  
by making s u i t a b l e  assumpt ions about  t h e  apparen t  s h e a r i n g  s t r e s s .  
Boussinesq assumed t h a t  (15) 
i n  which s i s  an apparent k inemat i c  v i s c o s i t y .  s has t he  disadvantage 
t h a t  i t  i s  n o t  a  p r o p e r t y  o f  t he  f l u i d  b u t  depends on t he  mean v e l o c i t y  
- 
u. I t  i s  t h e r e f o r e  necessary t o  develop an e m p i r i c a l  r e l a t i o n s h i p  be- 
tween t h e  apparent v i s c o s i t y  and t he  mean v e l o c i t y  f i e l d .  P r a n d t l  (15) 
proposed a  r e l a t i o n s h i p  which i s  v a l i d  on l y  f o r  f r e e  t u r b u l e n t  f lows,  
namely, t h a t  t he  apparent v i s c o s i t y  i s  p r o p o r t i o n a l  t o  t he  maximum d i f -  
ference i n  time-mean v e l o c i t y  m u l t i p l i e d  by the  w i d t h  o f  t he  m i x i ng  
zone, b, a t  any c ross -sec t  i on  o f  t he  f l ow .  I n  the  case o f  submerged 
j e t s  the  minimum v e l o c i t y  may be taken t o  be ze ro  so t h a t  the  assumption 
i s  s i m p l i f i e d  to :  
For a  c i r c u l a r  j e t  a  f u r t h e r  s i m p l i f i c a t i o n  i s  p o s s i b l e  s ince  
i t  can be demonstrated (16) t h a t  b &  x  and tm 0~ l / x  so t h a t  Eq.  17 im- 
p l i e s  t h a t  s i s  cons tan t .  S i m i l a r  reasoning f o r  the  plane-symmetr ic j e t  
1  /2 y i e 1 d s c d . x  . 
So lu t i ons  have a l s o  been ob ta ined  (16) us ing  P rand t l l s  m i x i ng  
l e n g t h  hypo thes is  
o r  i t s  ex tens ion  
i n  w h i t h i a n d  4 a r e  m i x i ng  leng ths .  
For a p p l i c a t i o n  o f  these hypotheses i t  i s  necessary t o  make 
assumptions about t he  m i x i ng  leng ths ,  I t  i s  u s u a l l y  assumed t ha t  the 
m i x i ng  leng th ,  k, i s  p r o p o r t i o n a l  t o  t he  w i d t h  o f  t he  j e t ,  b, and con- 
s t a n t  ac ross  any s e c t i o n .  I n  a d d i t i o n ,  i t  i s  p o s s i b l e  t o  use von 
Karman's s i m i l a r i t y  hypo thes is  (15) 
One may a l s o  make use o f  T a y l o r ' s  v o r t i c i t y  t r a n s f e r  hypothe- 
s i s  (16) a l though  t h i s  has a  comp le te ly  d i f f e r e n t  bas i s  from the  methods 
d iscussed here.  
A c r i t i c a l  examinat ion o f  some o f  t he  methods c i t e d  above i s  
p resen ted  by Alexander e t  a1 ( 2  ) .  
11. 3. Re ichard t ' s  Hypothesis 
Reichardt  (11) used Eq. 13 t o  o b t a i n  s o l u t i o n s  and h i s  method 
t h e r e f o r e  does n o t  assume tha t  the  apparent normal s t r e s s  term i s  neg l  i- 
g i b l e .  He made the  assumption t h a t  
i n  which b  i s  a  f u n c t i o n  o f  x  o n l y .  
Eq. 13 may then be s i m p l i f i e d  to :  
Eq. 22 has a  s o l u t i o n  g iven  by 
i n  which B = a  cons tan t  which may be eva lua ted  us i ng  t h e  c o n d i t i o n  
t h a t  momenturn i s  conserved. 
Reichardt  proposed no phenomenological b a s i s  f o r  h i s  hypoth- 
e s i s .  Alexander e t  a1 ( 2  ) i nd i ca te ,  however, t h a t  such a  b a s i s  may be 
developed. 
The r e t e n t i o n  o f  the  apparent  normal s t r e s s  i n  Re i cha rd t ' s  
- 
2  
s o l u t i o n  avo ids  t h e  necess i t y  o f  n e g l e c t i n g  a u l  / ax .  F ig .  1  shows a 
compa r i son o f  measurements o f  u by C o r r s i n  ( 3 )  w i t h  a  curve 
m 
f i t t e d  t o  measurements o f  t h e  q u a n t i t y  t r e a t e d  as ;/u by A lbe r t son  
m 
e t  a1  ( 1 )  f o r  a x i a l l y  symet r i c  j e t s .  The measurements by A lbe r t son  
e t  a1  may i n  f a c t  represent  / , i n  which t h e  s u b s c r i p t  m 
denotes the  a x i a l  value, s i nce  t h e  exper iments were conducted u s i n g ' a n  
impact tube, except f o r  the  lowest  v e l o c i t i e s .  There i s  some ques t i on  
o f  i n t e r p r e t a t i o n  f o r  measurements taken w i t h  impact tubes, two i n t e r -  
p r e t a t i o n s  be ing common ( 6 ) .  Moreover, Hinze contends t h a t  t h e  
measurments by Co r r s i n  may be low ( 7 ) .  I t  i s  c l e a r ,  however, t h a t  
7 i s  n o t  n e g l i g i b l y  sma l l  i n  comparison t o  ; o r  , , p a r t i c u l a r l y  
-- 
U/U, and ,/Turn 
near the  edge o f  t he  j e t .  I t  would, t he re fo re ,  appear d e s i r a b l e  t o  
- 
r e t a i n  u12 and i t s  d e r i v a t i v e s  i n  t h e  a n a l y s i s .  
Hinze ( 8  ) p resen ts  a  c r i t i c a l  examinat ion o f  Re ichard t ' s  
hypothes i s. 
11. 4. Gene ra l i za t i on  o f  Re ichard t ' s  Hypothes is  
Alexander e t  a1 ( 2  ) proposed t h e  use o f  a  gene ra l i zed  ve rs i on  
o f  Re i cha rd t ' s  hypothes is  t o  o b t a i n  a n a l y t i c a l  p r e d i c t i o n s  f o r  submerged 
t u r b u l e n t  j e t  f l ows  i n v o l v i n g  compl icated boundary c o n d i t i o n s .  
A gene ra l i zed  d i f f e r e n t i a l  equa t ion  f o r  t he  f l u x  o f  mass, heat, 
o r  momentum may be ob ta ined  f o r  symmetric f r e e  t u r b u l e n t  j e t s .  When i t  
i s  assumed t h a t  the  mean f l o w  i s  steady, t h a t  pressure i s  un i f o rm  through- 
ou t  t he  f l o w  f i e l d ,  t h e r e  a r e  no chemical  t rans fo rmat ions ,  no heat  re lease 
o r  abso rp t i on  by chemical  o r  p h y s i c a l  process, t h a t  the  amount o f  sens ib l e  
heat  formed by convers ion from k i n e t i c  energy i s  n e g l i g i b l e ,  and t h a t  
mo lecu la r  t r a n s p o r t  i s  n e g l i g i b l e ,  t h i s  f l u x  equa t ion  takes the  form ( 2  ) 
Here in  t h e  bars  denote averages w i t h  respec t  t o  t ime; f o r  mass f l u x ,  Y = 
pwi, i n  which w i  = concen t ra t i on  o f  t he  ith component expressed as mass 
per  u n i t  mass o f  f l u i d ;  f o r  heat  f l u x ,  Y = PC 
~3 i n  which c  = s p e c i f i c  P  
heat  o f  the  f l u i d  and 8 = temperature d i f f e r e n c e  from ambient a t  a  p o i n t  1  
i n  t h e  f l u i d ;  f o r  momentum f l u x ,  Y! = pu. 
I n  the  s p e c i f i c  case o f  momentum f l u x  w i t h  cons tan t  dens i t y  
Eq.24 becomes i d e n t i c a l  t o  Eq. 13. 
Alexander e t  a1  ( 2 ) proposed a  g e n e r a l i z a t i o n  o f  Reichardt ls 
hypo thes is  by making t he  assumption t h a t  
i n  which 
and b  i s  a  f u n c t i o n  o f  x  o n l y .  Wi th  t h i s  assumption Eq.24 becomes Y  
Eq. 27 has t he  advantage, bo th  mathemat ica l l y  and from an 
eng ineer ing  v iewpo in t ,  o f  be ing  l i n e a r  i n Y u  so t h a t  supe rpos i t i on  o f  
e lementary s o l u t i o n s  may be employed. I t  p rov i des  t he  p o s s i b i l i t y  o f  
l ead ing  t o  mathematical  s o l u t i o n s  f o r  cases o f  j e t  f l o w  i n v o l v i n g  compl i -  
ca ted  boundary cond i t i  ons. 
The method o f  s o l u t i o n  proposed by Alexander e t  a 1  t h e r e f o r e  
o f f e r s  much promise o f  p r o v i d i n g  s o l u t i o n s  f o r  t he  j e t  f l ow  p a t t e r n s  
be ing  cons idered i n  t h i s  i n v e s t i g a t i o n  as w e l l  as f o r  t he  more complex 
f l ows  c i t e d  i n  the  i n t r o d u c t i o n .  
Some o f  the  b a s i c  concepts w i l l  be d e t a i l e d  i n  the  nex t  sec t i on .  
T h e i r  u t i l i t y  w i l l  then be demonstrated by a p p l y i n g  them t o  the  p r e d i c t i o n  
13 
o f  f l u x  d i s t r i b u t i o n s  j u s t  downstream from a  submerged j e t  nozz l e  where 
the  f l o w  p a t t e r n  i s  cons iderab ly  i n f l uenced  by t h e  f i n i t e  s i z e  o f  t he  
nozz le .  Alexander e t  a1  a p p l i e d  these concepts w i t h  success i n  the  
p r e d i c t i o n  o f  t he  momentum d i s t r i b u t i o n s  across two p a r a l l e l  j e t s ,  
i s s u i n g  w i t h  the  same v e l o c i t y  f rom o r i f i c e s  i n  t h e  same p lane  per-  
pend i cu l a r  t o  the j e t  axes. Thei r a t tempt  t o  p r e d i c t  t he  e f f e c t  o f  
f i n i t e  nozz le  s i z e  on t he  momentum d i s t r i b u t i o n  across a  j e t  i n  t he  
reg ion  o f  f l ow  es tab l i shment  met w i t h  l e s s  success. The a n a l y t i c a l  
model d i d  n o t  match the  data i n  t he  reg ion  around t he  j e t  a x i s .  
The p resen t  work shows how a  s l i g h t  m o d i f i c a t i o n  o f  
Alexander,  Baron, and Comings a n a l y s i s  w i l l  l e a d  t o  successfu l  pre- 
d i c t i o n s  o f  the momentum f l u x  d i s t r i b u t i o n  i n  t h e  l a t t e r  case. I n  
a d d i t i o n ,  s i m p l i f i e d  s o l u t i o n s  a r e  found, which pe rm i t  e v a l u a t i o n  
o f  the  f l u x  d i s t r i b u t i o n  us ing  t a b l e s  o f  t h e  normal d i s t r i b u t i o n  and 
t h e  ch i -square d i s t r i b u t i o n .  
A l though p r imary  a t t e n t i o n  i s  focussed .on the p r e d i c t i o n  o f  
the  d i s t r i b u t i o n  o f  momentum f l u x  i n  t he  r eg ion  o f  f l o w  es tab l i shment  
o f  a  f i n i t e  ax isymmetr ic  t u r b u l e n t  j e t  t he  a n a l y s i s  i s  presented i n  
genera l  terms t o  show how i t  may be a p p l i e d  t o  t he  p r e d i c t i o n  o f  mass, 
heat,  and momentum f l u x  d i s t r i b u t i o n s  f o r  bo th  ax isymmetr ic  and plane- 
symmetric f l ows .  
I 
1 III. BASIC CONCEPTS 
1 111. 1. Elementary So lu t i ons  o f  t h e  F l ux  Equat ion 
A  s o l u t i o n  o f  Eq. 2 4 i s  g i ven  by 
I 
i n  which B = a  cons tan t  which may be eva lua ted  us ing  t h e  c o n d i t i o n  
t h a t  t h e  f l u x  o f  Y i s  conserved. Then, i n t e g r a t i o n  over  a  s e c t i o n  
through t h e  f l o w  pe rpend i cu l a r  t o  t h e  a x i s  o f  f l o w  g i v e s  
1 i n  which ( E ) o  = t h e  e f f l u x  va l ue  o f  'u, assumed t o  be un i f o rm  over  
I an o r i f i c e  o f  area Ao, o r  a  s l o t  o f  area A. pe r  u n i t  w id th .  Combining 
I Eq.28 and Eq.29 then r e s u l t s  i n  
From Eq.30 i t  immediately f o l l o w s  t h a t  
\ 
i n  which = t h e  a x i a l  va l ue  o f  'u. C l e a r l y  then, i f  t h e  a x i a l  
d i s t r i b u t i o n  o f  u )  i s  known Eq.31 p rov i des  an express ion  f o r  b  \P 
1 When t h i s  i s  s u b s t i t u t e d  i n  Eq.30 t h e  r a d i a l  o r  l a t e r a l  d i s t r i b u t i o n  
o f c  , is  known.. The o n l y  r e s t r i c t i o n  on b  i s  t h a t  i t  be a  f u n c t i o n  Y 
o f  x  and n o t  o f  y. 
111. 2. I d e a l  P o i n t  o r  L i n e  Source J e t  
S u f f i c i e n t l y  f a r  downstream f rom t h e  o r i g i n  a r e a l  j e t  o f  
f i n i t e  s i z e  may be cons idered t o  behave as  though i t  issued from a 
p o i n t  o r  l i n e  source. For j e t s  i t  has been observed t h a t  success ive 
p r o f i l e s  o f  momentum f l u x  d e n s i t y  r a t i o  a r e  s i m i l a r  i n  t h i s  r eg ion  
(2),(17). Assuming t h a t  t h i s  behav io r  a l s o  a p p l i e s  t o  t h e  heat and mass 
f l u x  dens i t y  r a t i o s  r equ i r es  t h a t  
i n  which f i s  a f u n c t i o n  o f  y/x. 
From Eq.30 and Eq.31 
From a comparison o f  Eq. 32 w i t h  Eq. 33 i t  f o l l o w s  t h a t  
i n  which C i s  cons tan t  and i s  c a l l e d  t h e  spread c o e f f i c i e n t .  Thus Y 
f o r  an e lementa l  p o i n t  o r  l i n e  source j e t  o f  area 6A  
0 
and 
For an ax isymmetr ic  p o i n t  source o f  momentum f l u x  Eq. 36 becomes 
i n  which D = t h e  diameter o f  a r e a l  j e t  o f  f i n i t e  s i ze ,  used as a 
r e fe rence  i n  making a x i a l  d i s tances  non-dimensional. Thus, a log -  
l o g  p l o t  o f  t he  momentum f l u x  dens i t y  r a t i o  versus x/D should  y i e l d  
a l i n e a r  r e l a t i o n s h i p  when x/D i s  l a r g e  enough f o r  t h e  r e a l  j e t  t o  
behave as  though i t  issued f rom a p o i n t  source o f  momentum f l u x  o f  
' a r e a  6Ao. F ig .  2 shows such a p l o t  o f  t h e  data ob ta ined  by Alexander 
e t  a l .  (2 ) .  The r e l a t i o n s h i p  i s  seen t o  be l i n e a r  beyond t en  diameters 
f rom t h e  j e t  o r i f i c e .  I t  may be concluded f rom Fig .  2 :  t h a t  t he  r e a l  
j e t  behaves, beyond t e n  diameters, as though t h e r e  were a p o i n t  source 
j e t  l o c a t e d  6.5 d iameters  downstream from the  p h y s i c a l  j e t .  I t  should  
not ,  however, be concluded t h a t  t h i - s  l o c a t i o n  corresponds w i t h  t h e  
downstream e x t r e m i t y  o f  t h e  p o t e n t i a l  core.  The measurements show 
t h a t  t h e  momentum f l u x  dens i t y  r a t i o  = 1.000 when x/D = 2.11 and 
= 0.999 when x/D = 2.54. Thus, t h e  p o t e n t i a l  co re  te rm ina tes  i n  the  
r eg ion  between these p o i n t s .  The behav io r  o f  t h e  j e t  between t he  end 
o f  t h e  p o t e n t i a l  co re  and t h e  reg ion  o f  s i m i l a r i t y  beyond t e n  diameters 
w i l l  be c l a r i f i e d  i n  t he  nex t  sec t i on .  

I V .  FLUX DEVELOPMENT REGION 
I V .  1. Superpos i t ion  o f  So lu t i ons  
Since l i n e a r  combinat ions o f  s o l u t i o n s  o f  Eq. 27 a r e  
p e r m i t t e d  a j e t  o f  f i n i t e  s i z e  may be cons idered t o  be a d i s t r i b u t i o n  
of  e lementa l  p o i n t  o r  1  i n e  source j e t s  o f  equal s t r e n g t h  (2) .  The 
r e s u l t i n g  d i s t r i b u t i o n  i s  
j 
For a x i a l  symmetry t h i s  becomes 
D exp [ -  (yL+sL-2ys COS y) 
- 
Y U  r2" I? ~ ~ 2 ~ 2  I , ,  
i n  which (s, y)  i s  a  system of  p o l a r  co -o rd ina tes  i n  t he  p lane  o f  the  
nozz le  d ischarge and D = nozz le  diameter. 
For p lane  symmetry 
D 2  
- exp [ -  (E) ] 
- Cyx d s  
0 J;; cyx 
i n  which s  i s  t he  rec tangu la r  co -o rd ina te  i n  t h e  p lane  o f  t h e  s l o t  
and D = s l o t  he igh t .  
Along t he  a x i s  o f  symmetry y  = 0 a'nd Eq. 39 and Eq. 40 
s  imp1 i fy  t o  
D 
= erf(-) f o r  p lane  symmetry 2Cyx 
U 
= 1 - exp [ - (P )~ ]  f o r  a x i a l  symmetry 2Cyx 
When x/D i s  very  l a r g e  Eq.41 may be approximated by 
Eq. 42 i s  seen t o  be equ i va len t  t o  Eq .36  i f  t he  p h y s i c a l  e f f l u x  area 
o f  t he  j e t  i s  rep laced by 6A0. Thus, t he  s o l u t i o n  g i ven  by Eq. 41 
w i l l  correspond t o  p o i n t  o r  l i n e  source behavior  when x/D i s  large.  
Consider ing once aga in  t h e  data f o r  momentum f l u x  dens i t y  
r a t i o s  i n  an ax isymmetr ic  j e t  p l o t t e d  i n ' F i g .  2  Eq. 41 may be w r i t t e n  
Thus, a p l o t  o f  x/D versus t h e  bracketed q u a n t i t y  on t h e  r i g h t  hand s i d e  
o f  Eq. 43 should be l i n e a r .  Fig.  3 shows such a p l o t  o f  t he  data, which 
i s  indeed l i n e a r  beyond about 4  diameters from the  nozz le .  , A  l e a s t  
1 
-. 
nl 
t-t 
-. 
2 1  
squares f i t  o f  t h e  data f rom 2.54 d iameters  t o  21.78 diameters y i e l d s  
1 
X - 
m 
= 4.264 F -  l o a  r i  - - "'112 + 0.97 
i n  which x  i s  used t o  denote t h e  p h y s i c a l l y  measured va lue  o f  x. Hence, 
m 
C = 0.0773, and t h e  z e r o  s h i f t ,  x  /D=-0.97. Thus, t h e  data f i t  t h e  
0 
mathemat ica l  model beyond f o u r  d iameters  i f  a l l  t h e  measured va lues 
o f  x/D a r e  ad jus ted  by an amount equal  t o  x  / D o  Thus, t h e  non-1 inear  
0 
r e l a t i o n s h i p  l e s s  than t en  diameters downstream from t h e  o r i g i n  i n  
F ig .  2  i s  seen t o  r e s u l t  f rom t h e  i n f l uence  o f  t h e  f i n i t e  nozz le  s ize.  
One would expect t he  z e r o  s h i f t ,  xo/D, t o  be a f u n c t i o n  o f  t h e  
Reynold 's number as was t h e  z e r o  s h i f t  g i ven  by t h e  p o i n t  source and 
l i n e  s l o t  models u t i l i z e d  by A lbe r t son  e t  a1  (2) .  These a r e  s i m i l a r  
t o  Eq. 36 b u t  r e s u l t  f rom a d i f f e r e n t  i n t e r p r e t a t i o n  o f  impact tube 
data (6) .  
I V .  2. Rad ia l  D i s t r i b u t i o n s  o f  F l ux  i n  Axisymmetr ic J e t s  
For t h e  a x i a l l y  symmetric case Eq. 38 represen ts  t h e  i n t e g r a l  
o f  t h e  c i r c u l a r  normal d i s t r i b u t i o n  over  an o f f s e t  c i r c l e  o f  r ad i us  
0/2 and cen te r  a  d i s t ance  y  f rom t h e  p o i n t  a t  which t h e  f l u x  dens i t y  
r a t i o  i s  t o  be eva luated.  From Ref.18, A r t i c l e  26.3.24 t h i s  i s  t h e  
cumu la t i ve  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  non-cen t ra l  ch i -square d i s t r i -  
b u t i o n  w i t h  two degrees o f  freedom and n o n - c e n t r a l i t y  parameter 
2  2 2y/ (cy  x  ) .  L e t t i n g  
X2 = 1 
2 and 2 ( c ~ x / D )  2  D 
T h i s  may be w r i t t e n  
Three d i f f e r e n t  approx imat ions t o  t h e  non -cen t ra l  ch i -square  d i s t r i b u t i o n  
f u n c t i o n  a r e  g i ven  by A r t i c l e s  26.4.27, 26.4.28 and 26.4.29 o f  Ref. 18. 
The f i r s t  o f  these i s  t h e  ch i -square  approx imat ion  (18) 
i n  which t h e  q u a n t i t y  on t h e  r i g h t  hand s i d e  i s  a  ch i -square  d i s t r i b u t i o n  
f u n c t i o n  w i t h  
The ch i -square  p r o b a b i l i t y  f u n c t i o n  i s  de f i ned  by 
and i s  t abu la ted  ( l o ) ,  (18) f o r  i n t e g e r  va l ue  o f  v (degrees o f  freedom) . 
From ,Eq. 48 t h e r e  i s  a  cor responding va lue  o f  A f o r  each i n t e g e r  va lue  
L. 
o f  v ,  g i v e n  by t h e  p o s i t i v e  r o o t  01' .the q u a d r a t i c  r e l a t i o n s h i p .  
Using Eq. 45 t h i s  pe rm i t s  t h e  e v a l u a t i o n  o f  y/D f o r  any se lec ted  
va lue  o f  Cyx/D. C i s  eva lua ted  f rom a p l o t  o f  t h e  a x i a l  measure- Y 
ments as shown i n  F ig .  3 f o r  momentum f l u x .  Thus, us ing  Eq. 45, 47, 
48, and t a b l e s  o f  t h e  ch i -square d i s t r i b u t i o n  t h e  f l u x  d i s t r i b u t i o n  
may be e a s i l y  evaluated. 
The ch i -square  approx imat ion  i s  u s e f u l  when C x/D i s  smal l .  Y 
When i t  i s  l a r g e  t he  r e s t r i c t i o n  t o  i n t e g e r  degrees o f  freedom pro- 
v i des  t o o  few p o i n t s  t o  p r o p e r l y  d e f i n e  t h e  f l u x  d i s t r i b u t i o n .  
Tab le  I shows t h e  va lues o f  v/(2+h) and corresponding t o  i n t ege r  
va lues o f  v .  Use o f  Tab le  1 and t a b l e s  o f  t he  ch i -square  d i s t r i b u t i o n  
pe rm i t s  very  r a p i d  e v a l u a t i o n  o f  t h e  f l u x  p r o f i l e s .  
The o t h e r  approx imat ions a r e  normal approx imat ions 
The normal p r o b a b i l i t y  f u n c t i o n  i s  de f i ned  by 
X 
P (x )  = - 'j' e x p k t 2 / 2 1  d t  
-0, 
I n  t h e  f i r s t  normal approx imat ion (18) 
I n  t h e  second normal approx imat ion (18) 
i 
TABLE I - CHI-  SQUARE APPROXIMATION PARAMETERS 
I 
I 
N e i t h e r  o f  t h e  normal approx imat ions i s  r e s t r i c t e d  t o  i n t ege r  va lues  
o f  v .  
A f t e r  c o r r e c t i n g  a l l  measured va lues  o f  x/D g r e a t e r  than 4 
by t he  ze ro  s h i f t  xo/D, as shown i n  Table  11, t h e  t h r e e  approx imat ions 
have been compared w i t h  t he  data o f  Alexander e t  a1 (2) f o r  momentum 
f l u x  d i s t r i b u t i o n s  i n  an ax isymmetr ic  j e t .  The comparison f o r  xm/D = 6 
(cor responding t o  x/D = 5.03) i s  shown i n  F i g . 4 .  I t  was found t h a t ,  
f o r  Cx/D > 0.39 the  f i r s t  normal approx imat ion  g i v e s  a  b e t t e r  f i t  near 
t h e  c r e s t  o f  the  d i s t r i b u t i o n  than does t he  second normal d i s t r i b u t i o n .  
The second normal d i s t r i b u t i o n  g i v e s  a  b e t t e r  f i t  near t he  t a i l  than 
t h e  f i r s t  normal d i s t r i b u t i o n .  For va lues  o f  Cx/D < 0.234 t he  c h i -  
square approx imat ion,  which i s  s imp le r  t o  compute, p rov i des  enough 
p o i n t s  t o  d e f i n e  t he  d i s t r i b u t i o n  and i s  n o t  s i g n i f i c a n t l y  d i f f e r e n t  
f rom e i t h e r  o f  t h e  normal approx imat ions.  
F ig .  5  shows a mapping o f  th.e i n t e r s e c t i o n s  o f  t h e  two 
normal approx imat ions,  w i t h  the  zones o f  b e s t  f i t  f o r  each approxima- 
t i o n  i nd i ca ted .  From the  f i g u r e ,  when Cx/D = 0.6 t h e  d i s t r i b u t i o n  o f  
f l u x  may b e s t  be represented by t he  f i r s t  normal approx imat ion  f o r  
0  < y/D < 0.525, and by t h e  second n o r m i l  approximat i on  f o r  y/D > 0.525. 
For va lues o f  xm/D < 4, Eq.44 does n o t  apply .  I t  was found 
however, t h a t  us ing  t he  va lue  o f  C g i ven  by Eq .44 ,  namely 0.0773, and 
us ing  no z e r o . c o r r e c t i o n ,  leads t o  a  good f i t  o f  t he  data by a l l  th ree  
approx imat ions.  F i g .6  shows t he  comparison between t he  data and t h e  
ch i -square  approx imat ion  f o r  x/D = 1; F ig .  7  shows t h e  comparison f o r  
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I V .  3. S i m p l i f i e d  So lu t i ons  Beyond P o t e n t i a l  Core 
For ax isymmetr ic  f l u x  o f  momentum Eq ,31g i ves  
and Eq.41 g i v e s  
2 (Pu I,,. D 2  
- 
= 1 - exp [- (-) ] 
2  2  Cx (PU ) o  
which i s  a p p l i c a b l e  f o r  xm/D > 4  (see F ig .  3 ) . Equat ing Eq.53 and 
Eq. 54 then y i e l d s  
2  2  r 2 - 
for xm/D > 4  
From Eq.30 
- 
P u 2  
- (56) 
(PU2) m 
The combinat ion o f  Eq. 55 and ~ ~ . 5 6  then y i e l d s  t h e  a x i a l  d i s t r i b u t i o n  
o f  momentum f l u x  f o r  xm/D > 4  
The s o l u t i o n  g iven  by Eq. 57 i s  compared w i t h  t h e  data o f  ~ l e x a n d e r  e t  a1 
(2)  i n  F ig .8  f o r  xm/D = 4, 6, 8, and 10, and shows good agreement w i t h  

the  data.  Combining Eq.54 and Eq. 57 g i v e s  
- 
2 I.- 2 -- 2 D P u 2 .  
- = ~1 - exp [-(=I 11 exp L-4 5 1 1 -  exp - 111 
2 D (PU lo 
For xm/D = 6 t h i s  reduces t o  
P u 
2 2  
- = 0.809 exp [ - 3 . 2 3 4 5 1  
2 D (PU lo 
Eq. 59 i s  p l o t t e d  on Fig.  4  f o r  comparison w i t h  the  ch i -square  and 
norma 1 app rox  i ma t ions . 
I V .  4. Summary and Discuss ion 
L i nea r  supe rpos i t i on  o f  s o l u t i o n s  o f  the  gene ra l i zed  f l u x  
equa t ion  f o r  a x i a l l y  symmetric and p l ane  symmetric j e t s  may be used 
t o  p r e d i c t  t h e  d i s t r i b u t i o n  o f  a x i a l  f l u x  beyond t he  p o t e n t i a l  co re  
i n  j e t s ' o f  f i n i t e  s i ze .  From t h i s  d i s t r i b u t i o n  a  spread c o e f f i c i e n t  
and a ze ro  c o r r e c t i o n  may be obta ined.  Using these, t he  l a t e r a l  f l u x  
d i s t r i b u t i o n s  i n  t he  reg ion  o f  f l ow  es tab l i shment  may be p red i c t ed .  
I t  has been shown t h a t ,  f o r  an a x i a l l y  symmetric j e t  flow, 
t he  r a d i a l  d i s t r i b u t i o n  o f  momentum f l u x  may be ob ta i ned  i n  the  reg ion  
o f  f l o w  es tab l i shment  us ing  t h r e e  approx imat ions t o  t he  non-cen t ra l  
ch i -square  d i s t r i b u t i o n .  These a r e  t h e  ch i -square  and f i r s t  and second 
normal approx imat ions.  Moreover, beyond t he  p o t e n t i a l  co re  t he  d i s t r i -  
b u t i o n  o f  ax ia l .  momentum f l u x  leads d i r e c t l y  t o  a  s o l u t i o n  f o r  t he  
r a d i a l  d i s t r i b u t i o n  o f  momentum f l u x  as g iven  by Eq .  57  and Eq. 58. 
The a n a l y t i c a l  model proposed by Alexander,  Baron, and 
Comings ( 2 )  t h e r e f o r e  shows much promise f o r  t h e  s o l u t i o n  o f  j e t  
f l ows  i n v o l v i n g  compl icated boundary c o n d i t i o n s  p rov i ded  p roper  
a t t e n t i o n  i s  g iven  t o  the c o r r e c t i o n  o f  a x i a l  d i s tances  us i ng  t he  
ze ro  c o r r e c t i o n  de r i ved  from the  a x i a l  f l u x  d i s t r i b u t i o n .  
Since one o f  t he  p r imary  o b j e c t i v e s  o f  t he  p resen t  i n v e s t i -  
g a t i o n  was t o  c o l l e c t  and analyze data on momentum f l u x  d i s t r i b u t i o n s  
f o r  sha l low submerged c i r c u l a r  j e t s  i n  b o t h  sha l low and deep reser-  
v o i r s ,  the  a n a l y s i s  i n  t he  f o l l o w i n g  sec t i ons  w i l l  cons ider  o n l y  
1 i n i t i a l l y  ax isymmetr ic  sources o f  momentum f l u x  and m o d i f i c a t i o n  o f  
the f l u x  p a t t e r n s  by t he  f l o w  boundar ies.  Th i s  e n t a i l s  o n l y  app l i ca -  
t i o n  o f  Reichardt ls  o r i g i n a l  hypo thes is .  I t  i s  c l e a r ,  however, t h a t  
app l  i ca  t i on  o f  Alexander,  Baron, and Comings genera l  i zed  hypo thes is  
would p e r m i t  ex tens ion  o f  the  a n a l y s i s  t o  i nc l ude  bo th  heat and mass 
f l u x .  
1 V .  SHALLOW SUBMERGED JETS I N  DEEP RESERVOIRS 
V. 1. I n t r o d u c t i o n  
A  p rev ious  r e p o r t  ( 9  ) p resen ted  a  p r e l i m i n a r y  a n a l y s i s  o f  
data f o r  f l o w  p a t t e r n s  downstream o f  a  submerged c i r c u l a r  j e t  nozz le  
d i r e c t e d  a lmost  h o r i z o n t a l l y  and a t  very  sha l low submergence below 
the f r e e  su r face  o f  a  r e s e r v o i r .  The r e s e r v o i r  bot tom was s u f f i c i e n t l y  
f a r  below t he  nozz le  t o  have n e g l i g i b l e  i n f l u e n c e  on the  f l o w  p a t t e r n s .  
I 
I The p resen t  i n v e s t i g a t i o n  inc ludes  a  more d e t a i l e d  a n a l y s i s  
o f  t he  da ta .  The o r i g i n a l  measurements were taken w i t h  a  p i t o t  tube 
\ 
a l i g n e d  i n  the  a x i a l  d i r e c t i o n  and the  measurements were presumed t o  
I y i e l d  ;. I n  t he  p resen t  a n a l y s i s  t he  i s  changed and 
I 
the  measurements a r e  presumed t o  y i e l d  when t he  dens i t y  i s  con- 
1 s t a n t .  I t  was noted e a r l i e r  t h a t  b o t h  i n t e r p r e t a t i o n s  a r e  common ( 6  ) :  
I 
t he  p resen t  i n t e r p r e t a t i o n  i s  compat ib le  w i t h  Re ichard t ' s  hypo thes is .  
The reader may p r e f e r  t o  i n t e r p r e t  these i d e n t i c a l l y ,  thus assuming 
- 
t h a t  u12 i s  n e g l i g i b l e .  
.. . 
The p resen t  a n a l y s i s  revea led  t h a t  the  j e t  d i d  n o t  en te r  t h e  
i 
I r e s e r v o i r  e x a c t l y  h o r i z o n t a l l y  as had been supposed i n  the  p r e l i m i n a r y  
a n a l y s i s .  An i n i t i a l  upward d e f l e c t i o n  o f  the  j e t  was p a r t i c u l a r l y  e v i -  
1 dent f o r  data c o l l e c t e d  us i ng  a  ;-in. d i a .  nozz le .  Close examinat ion o f  
i the  o r i g i n a l  nozz le  revealed t h a t  t he  a x i s  o f  t he  i n t e r n a l  bore and t h e  
i 
s ,  
a x i s  o f  t h e  nozz le  e x t e r i o r  were n o t  c o i n c i d e n t .  Moreover, the  nozz le  
was a t t ached  t o  t h e  supply p i p e  by a  threaded connect ion,  which a l l o w s  
f o r  t h e  p o s s i b l i t y  o f  misa l ignment ,  s i nce  the nozz le  was s e t  " ho r i zon ta l "  
by l e v e l l i n g  the  top  o f  the p i p e  l ead ing  t o  the  nozz le .  The s t i l l  
water  su r f ace  was used as a  re fe rence .  Fo r t una te l y ,  the  misa l ignment  
was such t h a t  t he re  was n e g l i g i b l e  l a t e r a l  d e f l e c t i o n  o f  t he  nozz le  
a x i s .  
The p o s s i b i l i t y  ex i s t ed ,  however, t h a t  the  i n i t i a l  upward 
d e f l e c t i o n  o f  the  e f f l u x  from the  nozz le  was due t o  a  dens i t y  d i f f e r -  
ence r e s u l t i n g  from t r a n s f e r  o f  heat  t o  the  e f f l u e n t  i n  i t s  passage 
through t he  pump. Consequently a  s e r i e s  o f  temperature measurements 
was taken, w i t h  the  temperature be ing measured a t  t he  pump s u c t i o n  and 
6 t o  8 - i n .  d i r e c t l y  downstream from the  nozz le  a t  i n t e r v a l s  o f  t h ree  
minutes.  The data a r e  presented i n  Table  111. I t  i s  seen t h a t  t he re  
was no measurable temperature d i f f e r e n c e  across the  pump. 
The misa l ignment  o f  the nozz le  a x i s  was perhaps f o r t u n a t e  
s i nce  i t  revealed t h a t  the  f l u x  p a t t e r n  i s  ex t reme ly  s e n s i t i v e  t o  sma l l  
v e r t i c a l  d e f l e c t i o n s  o f  the nozz le  a x i s .  Determinat ion o f  the  de f l ec -  
t i o n  ang le  and i t s  e f f e c t  w i l l  be d e a l t  w i t h  i n  d e t a i l  i n  a  l a t e r  s e c t i o n .  
V. 2 .  D i r e c t i o n  Meter Measurements 
Cons iderab le  e f f o r t  was expended i n  c o n s t r u c t i n g  a  d i r e c t i o n  
meter b u i l t - u p  us ing  2 hypodermic need1.e~ a l i g n e d  i n  a  v e r t i c a l  p l ane  and 
2 a l i g n e d  o r thogona l  t o  them. The needles were p a r a l l e l  and te rmina ted  
0 
a t  the  measurement p o i n t  w i t h  15 chamfers. A suppor t  mechanism was de- 
s igned t o  pe rm i t  v e r t i c a l  r o t a t i o n  and h o r i z o n t a l  r o t a t i o n  o f  the  assembly 
w i t h o u t  changing t he  s p a c i a l  l o c a t i o n  o f  the  end p o i n t .  When a l i g n e d  i n  
the  d i r e c t i o n  o f  t he  v e l o c i t y  vec to r  the  d i f f e r e n t i a l  across a  p a i r  o f  
needles was zero.  tb 
TABLE I11 - TEMPERATURE DATA FOR ;-IN. NOZZLE; EFFLUX VELOCITY = 40.6 FT/SEC., 
SUBMERGENCE = 10 DIA. 
i 
Temperature a t  
6 i n .  < x < 8 i n . ,  
y = O ,  z = O  
i n  degrees 
C e n t i g r a d e  
(3) 
19.7 
19.7 
19.8 
19.8 
19.8 
19.8 
19.8 
19.8 
19.8 
C 
Time 
i n  m inu tes  
(1) 
0 
3 
6 
9 
12 
15 
18 
2 1 
2 4 
0 Sma l les t  d i v i s i o n  on thermometer = 0.2 C 
J 
Temperature a t  
pump s u c t i o n  
i n  degrees 
Cent i g rade 
(2) 
19.7 
19.7 
19.8 
19.8 
19.8 
19.8 
19.8 
19.8 
19.8 
Measurements o f  d i r e c t i o n  o f  t h e  v e l o c i t y  v e c t o r s  were taken 
a t  d i s t a n c e s  o f  2 - f t .  and 4 - f t .  downstream f rom a  * - i n .  nozz le ,  sub- 
merged 10 d i a .  and d i s c h a r g i n g  f l u i d  h o r i z o n t a l l y  i n t o  t h e  r e s e r v o i r  
w i t h  an e f f l u x  v e l o c i t y  o f  4 0 . 6  f t / s e c .  V e r t i c a l  a n g l e s  c o u l d  be read 
t o  10 m i n s .  and h o r i z o n t a l  ang les  t o  5  mins .  However, t h e  measured 
va lues  c o u l d  o n l y  be reproduced w i t h i n  30 m ins .  i n  each d i r e c t i o n .  
The r e s u l t s  o f  t h e  measurements p roved  i n c o n c l u s i v e  i n  t h a t  i t  
was i m p o s s i b l e  t o  o b t a i n  s u f f i c i e n t  manometer d e f l e c t i o n  t o  d e t e c t  an 
a n g l e  except  i n  r e g i o n s  o f  h i g h  v e l o c i t y .  The data gave o n l y  a  g e n e r a l  
i n d i c a  
fl, 
t i o n  t h a t  t h e  v e l o c i t y  v e c t o r s  c o r r e s p o n d i n g  t o  i s o l i n e s  f o r  
) i . e .  i s o f l u x  l i n e s ,  g r e a t e r  t h a n  0 .6  had a  t o t a l  a n g u l a r  
d e f l e c t i o n  o f  t h e  v e l o c i t y  v e c t o r  f rom t h e  a x i a l  d i r e c t i o n  o f  l e s s  than  
8 O a t  a  d i s t a n c e  o f  2 - f t .  downstream f rom t h e  n o z z l e .  Four f e e t  f rom 
t h e  n o z z l e  t h e  v e c t o r s  c o r r e s p o n d i n g  t o  i s o f l u x  l i n e s  g r e a t e r  than 0 .6  
have a  t o t a l  a n g l e  o f  d e f l e c t i o n  l e s s  than  6'. 
The p i t o t  t ubes  used f o r  da ta  c o l l e c t i o n  were round nosed and 
0 
a r e  t h e r e f o r e  i n s e n s i t i v e  t o  yaw up t o  17 i n c l i n a t i o n  (19, 20). Hence, 
they  a c t u a l l y  respond t o  t h e  magni tude o f  t h e  v e l o c i t y  v e c t o r  r a t h e r  
0 than  i t s  l o n g i t u d i n a l  component f o r  d e f l e c t i o n  a n g l e s  under 17 . I n  
v iew o f  t h e  f a c t  t h a t  a n g u l a r  d e t e r m i n a t i o n s  c o u l d  n o t  be made a c r o s s  
t h e  e n t i r e  f l o w  f i e l d  i t  i.s n o t  p o s s i b l e  t o  d e f i n e  t h e  e r r o r  l e v e l s  
i n t r o d u c e d  by t h i s  e f f e c t  i n  p r o c u r i n g  t h e  i s o f l u x  p a t t e r n s  shown i n  
F igs .  4, 5, 6, 7  and 8  o f  Ref. ( 9  ) .  
V. 3. Mathemat ica l  Model f o r  J e t  w i t h  Small Upward D e f l e c t i o n  
F i g .  9 p rov i des  a  schemat i c  r ep resen ta t  i on  o f  t h e  mathemat i c a l  
model. The v e r t i c a l  co -o rd ina tes  a r e  now represented by z  and t h e  l a t e r a l  
co -o rd ina tes  by s  i n  a  r ec tangu la r  system t o  a v o i d  con fus ion  w i t h  t h e  
p rev i ous  d e f i n i t i o n  o f  y .  
For momentum f l u x  w i t h  cons tan t  d e n s i t y  Eq. 27  becomes i d e n t i -  
- 
2 
c a l  t o  Eq. 22 and i s  l i n e a r  i n  u  . For a  p o i n t  source o f  momentum f l u x  
t he  d i s t r i b u t i o n  o f  momentum f l u x  i s  then g i ven  by Eq. 33 and Eq. 34 as 
i n  which C = t he  spread c o e f f i c i e n t  f o r  momentum f l u x .  
For a j e t  w i t h  a  sma l l  i n i t i a l  upward d e f l e c t i o n  the  mathematics 
may be cons iderab ly  s i m p l i f i e d  by making t h e  approx imat ion  i l l u s t r a t e d  i n  
F ig .  9, namely t h a t  t h e  d i s t r i b u t i o n  o f  momentum f l u x  downstream from an 
i n c l i n e d  p o i n t  source i s  g iven  by: 
i n  which 
and 8  = i n i t i a l  d e f l e c t i o n  o f  t he  j e t  a x i s .  
Th i s  approximate model cannot be expected t o  app ly  f o r  x  > zo/8, 
except  f o r  8  = 0. 

Since t h e r e  can be no f l u x  o f  momentum across t h e  f r e e  su r f ace  
an image j e t  i s  p laced  e q u i d i s t a n t  above t h e  f r e e  su r f ace  t o  cancel  t he  
l a t e r a l  f l u x  when z  = 0. The momentum f l u x  d i s t r i b u t i o n  f o r  t h e  r e a l  and 
image j e t  combinat ion i s  then g iven  by: 
s2 + (ztz-Ox) 2l j 
+ exp [- 2 2  C x  
A f t e r  some man ipu la t i on  t h i s  may be w r i t t e n  as 
- 
U 
2  D 
= -  
- 2 2  exp L- ( I  Cx exp cx ~ ( 2 )  L- t o - O ?  ] 
2 2C x  (u lo 
. i n  which 
The l o c a t i o n  o f  the  maximum f l u x  may be ob ta ined  by s e t t i n g  
- - 
2 2  
s  = 0 i n  Eq. 65 and maximizing u  / ( u  ) w i t h  respect  t o  z .  Th i s  y i e l d s  
0 
L 
1 = t a n  1 )  ] 
i n  which 
and zm i s  t he  v e r t i c a l  co -o rd i na te  o f  t he  maximum f l u x .  
i n  which 
A f t e r  some man ipu la t i on  s u b s t i t u t i o n  o f  Eq. 67 i n  Eq. 65 y i e l d s  
Eq. 67 de f i nes  t he  l o c a t i o n  o f  t h e  f i l a m e n t  o f  maximum f l u x .  
Eq. 69 descr ibes  t he  decay o f  t he  maximum f l u x  i n  t he  a x i a l  d i r e c t i o n .  
The momentum f l u x  d i s t r i b u t i o n  i s  g i ven ' by  Eq. 65. So lu t i ons  f o r  an 
i n i t i a l l y  h o r i z o n t a l  j e t  may be ob ta ined  by s e t t i n g  8 = 0. 
As noted i n  the  p rev i ous  chap te r  Re ichard t l s  hypo thes is  may be 
'used t o  o b t a i n  good c o r r e l a t i o n  w i t h  t h e  data a t  sma l l  d i s tances  from the  
nozz le  p rov i ded  adequate a t t e n t i o n  i s  p a i d  t o  de te rmin ing  t h e  z e r o  cor -  
r e c t i o n  f o r  x. Since f o r  t he  p resen t  data C and 0' must be determined f rom 
the  exper imenta l  data a t  smal l  va lues o f  x, t h ree  exper imenta l  c o e f f i c i e n t s  
a r e  requ i red ,  namely, x  8 and C. Normal ly  8 would be p resc r ibed .  Unfor-  
0 , 
t u n a t e l y  t h e  apparatus had been disassembled be fo re  i t  was recognized t h a t  
the  j e t  had a smal l  upward d e f l e c t i o n ,  thus r e q u i r i n g  t h a t  t he  determina- 
t i o n  be made from the  data.  
V. 4 .  V e r t i c a l  Cen te r - l i ne  F l ux  D i s t r i b u t i o n s  Below t he  Maximum 
The s o l u t i o n s  g i ven  by Eq. 64 revea l  t h a t  t h e  c o n t r i b u t i o n  o f  
t h e  second exponen t i a l  term represen t ing  t he  image j e t  i s  ve ry  smal l  below 
the  p o i n t  o f  maximum f l u x  when s  = 0 and x  i s  smal l .  Thus, t he  lower 
p a r t  o f  t he  p r o f i l e s  may be assumed t o  behave as though t he  image j e t  
d i d  n o t  e x i s t  f o r  s  = 0 and sma l l  x.  
L e t t i n g  the v e r t i c a l  d i s t ance  below the  p o i n t  o f  maximum f l u x  = 
h, t he  f l u x  d i s t r i b u t i o n  i n  t he  lower  reg ion  may be approximated by: 
Then l e t t i n g  x  = x  + xo m 
The q u a n t i t y  on t he  l e f t  hand s i de  o f  Eq. 72 was p l o t t e d  versus 
2 [h / (xm + xo)] f o r  xm = 1, 2 and 3 f t .  us ing  t he  data upon which t he  iso- 
f l u x  p a t t e r n s  shown i n  Ref. ( 9) a r e  based. The p l o t  i s  shown on F ig .  10 
w i t h  x  /D = 2, toge ther  w i t h  Eq. 72 when C = 0.083. 
0 
V. 5. Loca t ion  o f F i l a m e n t  o f  Maximum F lux  
When C, xo and 8 a r e  s p e c i f i e d  Eq. 67 and Eq. 68 g i v e  t h e  
l o c a t i o n  o f  t h e  f i l a m e n t  o f  maximum f l u x  l e t t i n g  
man ipu la t i on  o f  Eq. 67 and Eq. 68 y i e l d s :  
and 

- = - -  I '"I f (I,) 
Z 
0 zo 
Since 1 l i e s  between 0  and 1  s e l e c t i o n  o f  va r i ous  va lues o f  1 
between these l i m i t s  w i l l  pe rm i t  the  computat ion o f  t h e  locus o f  t he  
f i l a m e n t  o f  maximum f l u x  us i ng  Eq. 73, Eq. 74 and Eq. 75. F ig .  11 shows 
a  p l o t  f o r  x/zo versus z  / z  f o r  va lues o f  8 = 0, 1, 2, 2.5 and 3  degrees 
m 0 
when C = 0.083. A l s o  p l o t t e d  a r e  t h e  exper imenta l  data p o i n t s  f o r  t he  
13- in .  d iameter  j e t  w i t h  an i n i t i a l  upward d e f l e c t i o n  from Ref. ( 9 ) ,  
us ing  x  / D  = 2. The data a r e  f o r  t r aces  o f  t he  maximum f l u x  a t  t h r e e  
0 
d i f f e r e n t  submergences as w e l l  as from t h e  i s o f l u x  p a t t e r n s .  
I t  was noted i n  Ref. ( 9 )  t h a t  t h e r e  i s  cons ide rab le  d i f f i c u l t y  
i n  de te rmin ing  t h e  p r e c i s e  v e r t i c a l  l o c a t i o n  o f  t he  maximum f l u x  exper i -  
men ta l l y  because t he  v e r t i c a l  c e n t e r - l i n e  p r o f i l e s  a r e  g e n e r a l l y  f l a t  i n  
t h e  r eg ion  o f  t he  maximum except f o r  sma l l  x.  The de te rm ina t i on  f o r  t h e  
i s o f l u x  p a t t e r n s  was more accura te  than f o r  t h e  ,o ther  data s i nce  complete 
p r o f i l e s  were taken. However, f o r  x /zo = 9.8 t h e  p r o f i l e  was so f l a t  t h a t  
t h e  maximum c o u l d  be taken t o  l i e  anywhere between z  /z  = 0  and 0.36. 
m o  
T h i s  i s  i n d i c a t e d  on F ig .  11. The data f o r  t he  sma l l e r  x / z  values, how- 
0 
ever,  show c l o s e  agreement w i t h  t he  t h e o r e t i c a l  cu rve  f o r  8 = 3  degrees. 
For x / z  l e s s  than 6  t h e  r i g h t  hand s i d e  o f  Eq. 67 i s  approx imate ly  equal  
0 
t o  1, thus 1 = 1. From Eq. 68 then, f o r  sma l l  x  

Eq. 67 may a l s o  be used t o  compute t h e  l o c a t i o n ,  x  a t  which 
s ' 
the  f i l a m e n t  o f  maximum f l u x  reaches t h e  f r e e  sur face.  As t h i s  occurs 
7 becomes very smal l  and t he  hyperbol  i c  tangent term becomes approx i -  
mate ly  equal  t o  i t s  argument. Eq. 67 may then be s i m p l i f i e d  t o  
Eq. 77 i l l u s t r a t e s  the  s t r ong  dependence o f  t he  f l u x  p a t t e r n  
on a smal l  i n i t i a l  d e f l e c t i o n  i n  t h a t  f i e  i s  gene ra l l y  n o t  smal l  i n  
comparison w i t h  C. 
V. 6. Long i t u d i n a l  Decay o f  Maximum F lux  
The decay o f  t he  f i l ament  o f  maximum f l u x  i s  de f i ned  by Eq. 69 
a n d  Eq. 70. Using t he  b inominal  expansion f o r  t he  numerator and denomina- 
t o r  o f  ~ ( 7 )  i t  i s  e a s i l y  shown t h a t  
and t h a t  
L t  G(7) = exp (-0.5) = 0.6065 
7 - 3 0  
I n  t h e  reg ion  c l ose  t o  t he  j e t  nozz le  7 i s  approx imate ly  equal 
t o  1  so t h a t  Eq. 69 becomes 
f 
Comparison w i t h  Eq.' 42, shows t h a t  i n  t h i s  reg ion  t he  decay i s  
i d e n t i c a l  w i t h  t h a t  f o r  a  deeply submerged j e t .  
As t h e  f i l a m e n t  o f  maximum f l u x  approaches t he  f r e e  su r face  ll 
tends t o  ze ro  and Eq. 69 becomes 
Unless 9 = 0, t h i s  should  o n l y  be expected t o  app ly  when x  = x s .  
F ig .  11 shows t h a t  remains approx imate ly  equal  t o  1  f o r  a con- 
s i d e r a b l e  d i s t ance  downstream from the  nozz le  and then changes r a p i d l y  t o  
- - 
2 2 '  
ze ro .  Thus a l o g - l o g  p l o t  o f  [ (u )m / (u  )o]z versus x/D may be expected 
t o  be 1 inear ,  w i t h  a  s lope o f  - 1  and an i n t e r c e p t ,  when x/D = 1, o f  0.5/C 
f o r  7 8 1 .  I t  w i l l  then change r a p i d l y  t o  reach t h e  l i m i t i n g  va lue  g iven  
by Eq. 81  as 7 becomes equal  t o  zero.  For a  j e t  w i t h  ze ro  i n i t i a l  de f l ec -  
t i o n  the  p l o t  beyond t h i s  p o i n t  would be de f i ned  by Eq. 81, and would aga in  
be 1 inear ,  b u t  w i t h  an i n t e r c e p t  o f  0 .551/~.  
F ig .  12 shows such a p l o t  o f  t h e  data f rom Ref. ( 9 )  f o r  the  
0 $ - in .  j e t  w i t h  xo/D = 2. Eq. 69 i s  p l o t t e d  f o r  C = 0.083 and 9 = 3 . A l s o  
shown i s  t h e  p r e d i c t e d  behav ior  f o r  9 = 0. 
V. 7. De te rmina t ion  o f  t h e  Exper imenta l  Constants 
The procedure used i n  Sec t ion  I V .  1. c o u l d  n o t  be used i n  t h i s  
case t o  determine C and xo s ince  Eq. 67 r e q u i r e s  t h a t  7 be l e s s  than 1. 
Due t o  exper imenta l  s c a t t e r  i n  de te rmin ing  t h e  l o c a t i o n  o f  t h e  maximum 
exper imenta l  va lues s l i g h t l y  g r e a t e r  than 1 can occur .  
Fig .  12 - Longitudinal decay o f  maximum f l u x  for  shallow sub- 
merged j e t  w l th  small i n i t i a l  upward d e f l e c t i o n .  
The procedure used was t o  p repare  p l o t s  as shown i n  F ig .  10 
and F ig .  12 and assume d i f f e r e n t  va lues o f  C and x u n t i l  those va lues 
0 
were found which gave agreement between data and theory  f o r  bo th  t h e  
l a t e r a l  and l o n g i t u d i n a l  d i s t r i b u t i o n s .  These va lues  were C = 0.083 
and x = 1 ins .  8 was then determined from F ig .  11. 
0 
8. I s o f l u x  Pa t t e rns  
E q .  65 and E q .  66 d e f i n e  the i s o f l u x  p a t t e r n s .  A f t e r  some manip- 
u l a t i o n  these give:  
F i g .  11 i nd i ca tes ,  tha t ,  beyond doubt, the  maximum f l u x  has n o t  
reached the f r e e  su r face  f o r  x /z  = 7.4, i .e .  when x = 3 f t .  f o r  the  $ - i n .  
0 m 
0 j e t  w i t h  an i n i t i a l  i n c l i n a t i o n  o f  3 . Thus, E q .  82 may be expected t o  
2 2 
app l y .  F i g .  13 shows a comparison between the  i s o f l u x  l i n e  f o r  u / ( u )  = 
m 
0.25 computed us ing  Eq.  82 and the expe r imen ta l l y  determined l i n e  taken 
f rorn F i g .  6 o f  Ref. ( 9 ) . There i s  good agreement except  near the  f r e e  
su r f ace  where the data i n d i c a t e  a tendency t o  spread. I t  i s  easy t o  show 
- - 
2 2 by d i f f e r e n t i a t i o n  o f  Eq .  82 t h a t  the  i s o f l u x  l i n e s  f o r  a l l  va lues u / ( u  ) m  
must c ross  t he  f r e e  su r f ace  ( z  = 0) norma l l y .  Thus, E q .  82 wi  11 no t  i n d i -  
c a t e  any tendency t o  spread. Th i s  may r e s u l t  f rom the  f a c t  t h a t  d i s t u r -  
bances o f  t he  f r e e  su r f ace  have been ignored and t h a t  on l y  the  l o n g i t u d i n a l  
v e l o c i  t y  components have been inc luded  i n  the  ma themat i c a l  model. 

From F i g .  7 and F i g .  8 ( 9 ) t h i s  tendency t o  spread inc reased  
w i t h  i n c r e a s i n g  d i s t a n c e  downstream. F u r t h e r  e x p e r i m e n t a l  da ta  were 
c o l l e c t e d  t o  o b t a i n  f u r t h e r  i n f o r m a t i o n  on t h i s  tendency t o  spread.  These 
a r e  d e s c r i b e d  i n  t h e  n e x t  s e c t i o n .  
V. 9. New Data on Spread ing 
B e f o r e  c o l l e c t i n g  t h e  data  d e s c r i b e d  below t h e  i n s t r u m e n t  ca r -  
r i a g e  d e s c r i b e d  i n  ~ e f . ( ~ ) w a s  redes igned  and r e b u i l t  u s i n g  aluminum a n g l e  
t r u s s e s  i n  p l a c e  o f  t h e  wooden l a d d e r s  used p r e v i o u s l y .  The c a r r i a g e  r a i l s  
were l e v e l l e d  by r e f e r e n c i n g  a  p o i n t  gage mounted on t h e  c a r r i a g e  t o  a  
s t i l l - w a t e r  s u r f a c e .  The p o i n t  gage c o u l d  be read t o  0.001 f t .  W i t h  t h e  
new c a r r i a g e  and r a i l  system d e f l e c t i o n s  due t o  changes i n  h u m i d i t y  were 
n o  l o n g e r  a  p rob lem and m o n i t o r i n g  w i t h  t h e  p r e c i s i o n  ca the tomete r  as  de- 
s c r i b e d  i n  Ref .  ( 9 ) was d i s c o n t i n u e d .  
Some p r e l i m i n a r y  exper imen ts  were  conducted t o  de te rm ine  t h e  m i n i -  
mum submergence a t  w h i c h  a  h o r i z o n t a l  $- i n .  d iamete r  j e t  wou ld  rema i n  com- 
p l e t e l y  submerged a t  a l l  t imes .  T h i s  was found t o  occu r  f o r  a  submergence 
o f  3 d iamete rs .  For  l e s s e r  submergences t h e  j e t  wou ld  be f r e e  p a r t  o f  t h e  
t i m e .  Even a t  t h e  3 d iamete r  submergence a  plume o f  spray  was thrown i n t o  
t h e  a i r  a  s h o r t - d i s t a n c e  downstream f rom t h e  n o z z l e  and f e l l  back  i n t o  t h e  
w a t e r .  The s u r f a c e  was consequen t l y  q u i t e  d i s t u r b e d  and no a t t e m p t  was 
made t o  c o l l e c t  any data  c l o s e r  than 2 f t  f rom t h e  n o z z l e .  
The ,advantage o f  u s i n g  such a  s h a l l o w  submergence i s  t h a t  t h e  
maximum f l u x  reaches t h e  f r e e  s u r f a c e  a  s h o r t  d i s t a n c e  downstream f rom t h e  
n o z z l e .  The tendency t o  spread may t h e r e f o r e  be  s t u d i e d  f o r  g r e a t e r  d i s -  
tances downstream i n  t h e  e x i s t i n g  appara tus .  
The o r i g i n a l  $- in: j e t  had been removed and a  new i n s t a l l a t i o n  
was used f o r  t h e  exper imen ts  d e s c r i b e d  i n  t h i s  s e c t i o n .  A t  t h e  t i m e  t h e  
exper imen ts  were conducted t h e  a u t h o r s  were unaware o f  t h e  l a r g e  e f f e c t  
o f  a  s m a l l  d e f l e c t i o n  on t h e  f l o w  p a t t e r n .  The b u l k  o f  t h e  data  were 
c o l l e c t e d  a t  4  f t ,  5  f t ,  and 6 f t  downstream f rom t h e  nozz le ,  excep t  f o r  
one v e r t i c a l  c e n t e r l i n e  t r a v e r s e  and one h o r i z o n t a l  t r a v e r s e  a t  z  = 0.100 f t  
a t  a  d i s t a n c e  o f  2 f t  downstream f rom t h e  n o z z l e .  These l a t t e r  two t r a v -  
e r s e s  a r e  t h e r e f o r e  t h e  o n l y  data  a v a i l a b l e  t o  check on t h e  i n i t i a l  
d e f l e c t i o n  o f  t h e  j e t .  S ince  t h e  i n i t i a l  submergence o f  t h e  j e t  i s  so  
s m a l l  t h e  e f f e c t  o f  t h e  image j e t  may be expected t o  have spread downward 
s u b s t a n t i a l l y  a t  a  d i s t a n c e  o f  2 f t  downstream f rom t h e  n o z z l e .  Conse- 
q u e n t l y  t h e  p rocedure  o u t l i n e d  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  e x p e r i m e n t a l  
c o n s t a n t s  i n  S e c t i o n  V. 7. may n o t  be a p p l i e d .  The o n l y  apparen t  method 
, a v a i l a b l e  i s  t o  use a  t r i a l  and e r r o r  p rocedure  t o  t r y  t o  match t h e  a v a i l -  
a b l e  d i s t r i b u t i o n s  u s i n g  Eq. 64. 
T h i s  p rocess  o f  t r i a l  and e r r o r  was i n . f a c t  a p p l i e d  and t h e  re-  
s u l t s  a r e  shown i n  F i g .  14. The b e s t  agreement was judged  t o  occu r  f o r  
Cx = 0.150 f t  and 8 = 0.0025 r a d i a n s .  T h i s  c h o i c e  matches t h e  v e r t i c a l  
da ta  f o r  t h e  l ower  p a r t  o f  t h e  j e t  and p r o v i d e s  t h e  c o r r e c t  d i s t r i b u t i o n  
shape a t  z  = 0.100 f t ,  and p r o v i d e s  agreement w i t h  t h e  v e r t i c a l  l o c a t i o n  
o f  t h e  maximum. 
Choosing Cx = 0.138 f t  and 0 = 0.005 p r o v i d e s  c l o s e r  agreement 
w i t h  t h e  maximum b u t  l e a d s  t o  reduced agreement f o r  t h e  l o w e r  p a r t  o f  t h e  
v e r t i c a l  d i s t r i b u t i o n  and f o r  t h e  l a t e r a l  d i s t r i b u t i o n .  S ince  i t  was 
n o t e d  f o r  t h e  data  a t  f i v e  d iamete rs  submergence t h a t  t h e r e  i s  a  tendency 
f o r  sp read ing  a t  t h e  f r e e  s u r f a c e  ( i  .e. measured v a l u e s  o f  f l u x  a r e  h i g h e r  

than t h e  va lues expected from the  mathemat ica l  model) the  cho ice  o f  
Cx = 0.150 f t  and 8 = 0.0025 rad ians  appears t o  be app rop r i a t e .  A l -  
though t h i s  cannot be regarded as conc lus i ve  t h e  a n a l y s i s  does i n d i c a t e  
t h a t  t he  i n i t i a l  upward d e f l e c t i o n  o f  the  j e t  was ext remely  sma l l .  I t  
p rov i des  no means f o r  de te rmin ing  x  . 
0 
The data c o l l e c t e d  a t  d i s tances  o f  4 f t ,  5  f t ,  and 6  f t  down- 
stream from the  nozz le  a r e  summarized i n  F igs .  15, 16, and 17. They 
show t h a t  t h e  tendency t o  spread becomes more pronounced w i t h  d i s t ance  
downstream. One migh t  specu la te  on t he  b a s i s  o f  these p a t t e r n s  t h a t  t h e  
f l o w  p a t t e r n  w i l l  u l t i m a t e l y  approximate t h a t  f o r  t he  lower h a l f  o f  a  
s l o t  j e t  . 
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V I .  SHALLOW SUBMERGED JETS I N  SHALLOW RESERVOIRS 
V I .  1.  I n t r o d u c t i o n  
T h i s  chapter  o f  the r e p o r t  i s  concerned p r i m a r i l y  w i t h  the  pre- 
s e n t a t i o n  o f  data c o l l e c t e d  f o r  h o r i z o n t a l  c i  r c u l a r  submerged j e t s  emerg- 
i ng  f rom a  nozz le  o f  i- i n .  d iameter i n  c l o s e  p r o x i m i t y  t o  a  f r e e  su r face  
and a  p lane  h o r i z o n t a l  o r  g e n t l y  downwgrd s l o p i n g  bottom. I n s u f f i c i e n t  
t ime  remained t o  pe rm i t  a  thorough a n a l y s i s  o f  the  data and complete de- 
I 
I velopment o f  a  mathematical  model. Thus, a l l  data a r e  presented i n  terms 
/ o f  t he  measured l o n g i t u d i n a l  d i s t ance  x  and curves o r  l i n e s  drawn through 
I m 
t he  data p o i n t s  w i l l  be sub jec t  t o  s l i g h t  s h i f t s  when t h e  z e r o  c o r r e c t i o n  
I i s  l a t e r  app l i ed .  A p r e l i m i n a r y  i n d i c a t i o n  o f  a  s u i t a b l e  mathemati.ca1 
, 
model w i l l  be g i ven .  
V I .  2 .  Apparatus and Procedure 
The exper iments were conducted i n  t he  same apparatus,  as used 
p r e v i o u s l y  ( 9  ) ,  except f o r  the i n s t a l l a t i o n  o f  an a d j u s t a b l e  p lane  bottom. 
Carewas  taken t o  insure  t h a t  t he  j e t s  i s s u e d w i t h  ze ro  i n i t i a l  upward de- 
f l e c t i o n  f rom the  nozz le .  The same' procedure as be fo re  was used f o r  the  
c o l l e c t i o n  o f  t he  data except  t h a t  a  t o t a l  head tube w i t h  an o u t s i d e  d ia -  
meter o f  0 .083- in .  and i n s i d e  diameter o f  0.0595- in.  was s u b s t i t u t e d  f o r  
the  p i t o t  tubes used p rev i ous l y ,  thus p e r m i t t i n g  a  c l o s e r  approach t o  t h e  
f r e e  su r f ace  and lower boundary. The t o t a l  head reading was re ferenced 
t o  the  reading from the  s i d e  p o r t s  o f  a  p i t o t  tube l o c a t e d a t  a  f i x e d  
v e r t i c a l  l o c a t i o n  about 4- i n .  t o  t h e  s i de  and 4- i n .  downstream o f  the  
s t a t i c  tube and sh ie l ded  i n s i d e  a  1 - i n .  d iameter p l e x i g l a s s  tube w i t h  
sma l l  ho l es  d r i l l e d  i n  i t s  w a l l .  
The p l ane  lower  boundary was cons t ruc ted  o f  two b u t t i n g  1/8- i n .  
t h i c k  s t a i n l e s s  s t e e l  p l a t e s ,  one 1 2 - f t  by 4 - f t ,  t h e  o t h e r  1 2 - f t  by 3 .25 - f t .  
The j o i n t  was made r i g i d  by f as ten ing  t h e  edges o f  the  p l a t e s  t o  a  1 2 - f t  
by 3- in . ,  3 /16- in .  t h i c k  s t e e l  l a p  p l a t e  on t h e i r  lower s ide .  Screw heads 
were countersunk t o  mainta i n  a  smooth upper su r f ace .  Screw heads were con- 
i ca 1  f l a t -  topped and recessed i n  con i ca  1  holes.  
The p l a t e s  were mounted on a  suppo r t i ng  g r i dwo rk  cons t ruc ted  o f  
ang le  i r o n .  The connect ions were aga in  made w i t h  screw heads countersunk 
t o  ma in ta i n  a  smooth upper sur face.  Adjustment b o l t s  were p rov i ded  on t h e  
lower  s i d e  t o  pe rm i t  compensation f o r  the  i n i t i a l  d e f l e c t i o n  o f  the  support- 
i ng  framework. 
A  h inge  assembly was p rov i ded  a t  t he  upstream end o f  the  p l a t e  
suppor t  framework, w i t h  t he  h inge  cen te r -1  ine  c o i n c i d e n t  w i t h  t he  1 2 - f t  l ong  
upstream edge o f  the p l a t e ,  so t h a t  r o t a t i o n  o f  t he  p l a t e  d i d  n o t  produce 
any change i n  t he  v e r t i c a l  l o c a t i o n  o f  the  p l a t e  edge. The back edge o f  the  
p l a t e  b u t t e d  aga ins t  t he  v e r t i c a l  w a l l  through which the  nozz le  issued. The 
e n t  i r e  assembly was suppor ted on two rows 'o f  t h r e e  j a c k s  each, one row a t  
t h e  upstream end and one a t  the  downstream end. The downstream j a c k s  were 
a d j u s t a b l e  and p e r m i t t e d  t i l t i n g  o f  t he  p l a t e  f rom the  h o r i z o n t a l  t o  s lopes 
o f  up t o  20%. Data was c o l l e c t e d  f o r  s lopes o f  0, 5%, and lo%, the  s l ope  
be ing  de f ined  as the  s i n e  o f  t h e  downward angu la r  d e f l e c t i o n  o f  t he  p l a t e .  
Wi th  t he  p l a t e  s e t  i n  the  h o r i z o n t a l  p o s i t i o n  (bu t  n o t  submerged) 
ad justments  were made so t h a t  t he  e l e v a t i o n  a t  any l o c a t i o n  d i d  n o t  dev ia te  
f rom t h a t  f o r  a  t r u e  p l ane  by more than - + $-mm on t he  sca le  o f  a  p r e c i s i o n  
1 .  
: ca thetometer  wi  t h  a  10-second bubble l o c a t e d  j u s t  ou ts  i de  the rese rvo i  r 
i on the  s i d e  and a t  about t he  l o c a t i o n  o f  t he  p l a t e  c e n t e r - l i n e .  A f t e r  
1 t h i s  i n i t i a l  t r u e i n g  o f  t he  p la te ,s lopes  were s e t  us i ng  a  cathetometer  
1 
I w i t h  a  40 second bubble  and sca le  d i v i s i o n s  o f  1  mm l o c a t e d  a t  t he  down- 
stream end o f  the apparatus j u s t  o u t s i d e  t he  r e s e r v o i r  i n  l i n e  w i t h  t he  
[ nozz l e .  
i 
I 
i V I .  3.  The E f f e c t  o f  the  Lower Boundary 
Prev ious exper iments by Cowley ( 4 )  on a  p l ane  v e r t i c a l  boundary 
i n d i c a t e d  t h a t  t he  j e t  moved toward t h e  boundary i n  a  s i m i l a r  manner t o  
t h a t  observed f o r  j e t s  c l o s e  t o  a f r e e  su r face .  Consequently one would 
expect  t h a t  when a  j e t  i s  c l o s e  t o  bo th  a  f r e e  su r f ace  and a  p lane  lower 
boundary t h a t  t h e  " a t t r a c t i o n "  o f  the  two boundar ies w i l l  be i n  competi- 
t i o n  and t h a t  t h e  behav ior  o f  t he  j e t  w i l l  u l t i m a t e l y  be determined by t he  
boundary which e x e r t s  t he  g rea te r  i n f l uence .  D i f f e r e n t  behav ior  i s  t o  be 
. I 1 
expected f o r  d i f f e r e n t  submergences and d i f f e r e n t  e l e v a t i o n s  above t he  
i 
1 lower boundary s i nce  these v a r i a b l e s  w i  11 l a r g e l y  determine which boundary 
w i l l  p l a y  t he  dominant r o l e .  The exper iments were designed w i t h  t h i s  l i k e -  
I . *  
J l i h o o d  i n  mind and the  observed behav ior  i s  d iscussed i n  l a t e r  sec t i ons .  
I 
! 
,! V I .  4. Form o f  Mathemat ica l  Model 
i 
J The mathemat ica l  model w i l l  be much more complex than f o r  the  case 
o f  the  f r e e  su r f ace  on l y  hav ing  an i n f l u e n c e  on t he  f l o w  p a t t e r n .  The f l o w  
. i i s  now compl i ca ted  by t he  ex i s t ence  o f  a  shear s t r e s s  a long  t h e  w a l l  so t h a t  
\ 
, 1. momentum f l u x  i s  no longer  conserved. 
I t  i s  expected t h a t  a  h y b r i d  s o l u t i o n  o f  the  form proposed by 
G lauer t  ( 5  ) f o r  t he  w a l l  j e t  may be s u i t a b l e .  I n  o t h e r  words a  s o l u t i o n  
f o r  t he  r eg ion  remote f rom the  w a l l  w i l l  be matched w i t h  a  s o l u t i o n  f o r  
the  r eg ion  c l o s e  t o  the  w a l l .  I t  i s  proposed t o  i n v e s t i g a t e  a  s o l u t i o n  
s i m i l a r  t o  t h a t  i n  Chapter V f o r  t he  reg ion  remote from the  w a l l  except  
t h a t  an image j e t  w i l l  be p laced  e q u i d i s t a n t  below the  w a l l  t o  represent  
t he  c u t o f f  o f  l a t e r a l  momentum f l u x  by t he  w a l l .  The complete s o l u t i o n  
o f  such a  model requ i res ,  however, t h a t  t he  i n f l u e n c e  o f  the  images o f  
t he  images i n  t he  f r e e  su r face  and bed be cons idered.  The s o l u t i o n  there-  
f o r e  i s  represented by an i n f i n i t e  s e r i e s  which i s  no t  apparen t l y  r e a d i l y  
s i m p l i f i e d  o r  manipulated. A s i m p l i f i e d  model which ignores t he  images 
o f  t he  images g ives ,  f o r  a  h o r i z o n t a l  bed: 
- - D~ 
2 2 4C x  
+ exp 
i n  which zl = t h e  v e r t i c a l  d i s t ance  from the  c e n t e r - l i n e  o f  t he  nozz le  t o  
I 
\ .  t he  p l ane  bed. The o r i g i n  o f  t he  co -o rd ina tes  x,  s, and z  i s  i n  t he  f r e e  
su r face .  
When s  = 0, d i f f e r e n t i a t i o n  o f  Eq. 83 should  y i e l d  t he  v e r t i c a l  
l o c a t i o n  o f  the  f i l a m e n t  o f  maximum f l u x  f o r  some d i s t ance  downstream o f  
t he  nozz le  u n t i l  t he  growing boundary l a y e r  a long  t he  w a l l  e x e r t s  a  marked 
i n f l uence .  
The model g iven  by Eq. 83 inc ludes  t he  tendency o f  the  f i l a m e n t  
o f  maximum f l u x  t o  move toward e i t h e r  t he  f r e e  su r face  o r  the  bed, depend- 
ing  on which e x e r t s  t he  dominant i n f l uence .  
V I  . 5 .  Expe r i men ta  1  Program 
The exper iments which were conducted inc luded  t he  measurement 
o f  v e r t i c a l  and l a t e r a l  f l u x  d i s t r i b u t i o n s ,  l o c a t i o n  o f  t he  f i l a m e n t  o f  
maximum f l u x  and measurement o f  the  decay o f  maximum f l u x  w i t h  d i s t ance  
from the nozz le  f o r  seve ra l  combinat ions o f  z  /D, zl/D and bed s lope  S .  
0 
Since many n a t u r a l  bas ins  and r e s e r v o i r s  have bed s lopes l y i n g  between 
0  and 10% the  s lopes i n v e s t i g a t e d  were 0, 5%, and 10%. For some combina- 
t i o n s  i s o f l u x  p a t t e r n s  were ob ta ined .  A l l  t e s t s  were conducted us ing a  
1 z - i n .  d iameter h o r i z o n t a l  nozz le  w i t h  an e f f l u x  v e l o c i t y  o f  40.6 f t / s e c .  
The e f f l u e n t  and r e c e i v i n g  water  were a t  t he  same temperature and d e n s i t y .  
The r e s u l t s  o f  the exper iments a r e  d iscussed i n  the  f o l l o w i n g  sec t i ons .  
V I .  6. Gaussian D i s t r i b u t i o n  o f  the  L a t e r a l  F lux  P r o f i l e s  
Eq. 83 may be w r i t t e n :  
- 
2  Z-Z , 2  z+zo 2  
u D~ 
- = -  
- 2  2  exp I- (&I I exp I-(+) 1 + exP L -  (T) I 
2  4C x  ( u  ) O  I 
For any f i x e d  va lues o f  zo, zl, and z  the peak f l u x  a t  any x  w i l l  occur 
f o r  y  = 0  and i s  g i ven  by: 
- 
(u2) 2  2  
- 
o2 P=- 
2  2  { exp I- (7) 1 + exp I- (2) I 2  4C x  ('-'lo . 
Combining Eq. 84 and Eq. 85 then g i ves  
The f l u x  d i s t r i b u t i o n  g i v e n  by Eq. 86 depends on x .  T h i s  dependence may 
1 
- -  - 
2 2 2  be removed, however, by l e t t i n g  s  = sl when [ u  / ( u  ) ] ' = 0.5 so  t h a t  
2 P  
(cx) = +4 
Combining Eq. 86 and Eq. 87  t h e n  y i e l d s  
I t  may be n o t e d  t h a t  Eq. 86 and Eq. 88 wou ld  n o t  be a l t e r e d  i f  a l l  t he  
images were i n c l u d e d  i n  t h e  ma themat i ca l  model. 
I 
I *  F i g .  18 shows a  compar ison o f  t h e  aver,aged da ta  a t  d i f f e r e n t  
J 
v a l u e s  o f  z, f o r  t h e  c o n d i t i o n s  i n d i c a t e d ,  w i t h  Eq. 88. The method o f  
i 
1 o b t a i n i n g  t h e  averages i s  i l l u s t r a t e d  i n  F i g .  19. The data  were p l o t t e d  
. i a s  shown and an average c u r v e  was drawn. P o i n t s  on t h e  average c u r v e  
were then t r a n s f e r r e d  t o  F i g .  18. I t  may be n o t e d  t h a t  F i g .  19 i n c l u d e s  
I da ta  q u i t e  c l o s e  t o  t h e  bed a t  xm/D = 144. Data c l o s e  t o  t h e  f r e e  s u r f a c e  
d i d  n o t  ag ree  w i t h  Eq. 88 and i s  n o t  i n c l u d e d .  
A l t h o u g h  Eq. 88 was deve loped f rom a  s i m p l i f i e d  ma themat i ca l  
t model f o r  t h e  case o f  a  h o r i z o n t a l  bed i t  shows good agreement w i t h  t h e  
i P .. da ta  f o r  bed s l o p e s  o f  0, 5, and 10%. T h i s  i l l u s t r a t e s  t h e  e x i s t e n c e  o f  
Gaussian l a t e r a l  f l u x  d i s t r i b u t i o n s  under a  v a r i e t y  o f  e x p e r i m e n t a l  
c o n d i t i o n s .  


V I .  7. Loca t ion  o f  the  F i lament  o f  Maximum f l u x  
F i g .  20 shows a  p l o t  o f  the  l o c a t i o n  o f  the  f i l a m e n t  o f  maximum 
f l u x  when the  bed s lope was zero  and t h e  nozz le  was l oca ted  5  diameters 
above the  bed. When t he  f r e e  su r face  was 5 d iameters  above the  nozz le  
two maxima were found t o  occur beyond 50 diameters from the  nozz le .  One 
moved toward t he  f r e e  su r f ace  and the  o t h e r  toward t he  bed. For a l l  h i ghe r  
submergences o f  t he  nozz le  the  i n f l u e n c e  o f  t he  bed was dominant and t he  
maximum moved toward t h e  bed. 
The upper p a r t  o f  F ig .  21 shows the  behav ior  a t  d i f f e r e n t  nozz le  
submergences f o r  z  / D  = 5 and S = 0.05. For bo th  5 and 7 diameters sub- 1  
mergence t he  i n f l uence  o f  the  f r e e  su r face  was dominant, whereas the  
i n f l u e n c e  o f  t he  bed was dominant f o r  submergences o f  10 diameters and 
h i ghe r .  
The lower p a r t  o f  F ig .  21 shows the  behav io r  a t  d i f f e r e n t  nozz le  
submergences f o r  zl/D = 5  and S = 0.10. A t  5  d iameters  submergence o f  t he  
nozz le  the  maximum aga in  moves t o  t h e  f r e e  su r face .  For 10 and 20 diameters 
submergence however, e i t h e r  the  bed and t h e  f r e e  su r f ace  have i n s u f f i c i e n t  
i n f l u e n c e  t o  cause the maximum t o  dev ia te  from the  nozz le  c e n t e r - l i n e  e l e -  
v a t i o n  o r  t h e i r  e f f e c t s  n u l l i f y  each o the r .  
V I .  8. Lonqi t u d i n a l  Decay o f  Maximum F lux  
F i gs .  22 and 23 i l l u s t r a t e  the  decay o f  t he  maximum f l u x  f o r  the 
c o n d i t i o n s  shown i n  F i gs .  20 and 21. The data a r e  found t o  d e v i a t e  from 
the  s t r a i g h t  l i n e  represen t ing  t he  behav io r  o f  a  deeply submerged j e t  be- 
yond t he  p o i n t  a t  which t he  maximum s t a r t s  t o  move toward e i t h e r  the  bed 
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o r  the  f r e e  sur face.  I t  should  be noted t h a t  the  data a r e  p l o t t e d  i n  
terms o f  the  measured x  and t he  ze ro  c o r r e c t i o n  i s  n o t  inc luded.  Th i s  
c o u l d  have an i n f l u e n c e  i n  de te rmin ing  t h e  va lue  o f  the spread c o e f f i -  
c i e n t  C .  P re l im ina ry  i n d i c a t i o n s  a re ,  however, t h a t  C i s  independent 
o f  the  t e s t  c o n d i t i o n s  and i s  approx imate ly  equal  t o  0.08. 
V I .  9 .  I s o f l u x  Pa t t e rns  
The i s o f l u x  p a t t e r n s  f o r  zo/D = 10, zl/D = 5  and S = 0  a r e  
i l l u s t r a t e d  i n  F igs .  24 and 25 a t  d i s t ances  o f  48, 96, and 144 d iameters  . 
downstream from the  nozz le .  The cor respond ing  p a t t e r n s  f o r  a  bed s lope  
o f  5% a r e  shown i n  F igs .  26, 27, and 28. The reader may, i f  he wishes, 
t r e a t  u c 2  as n e g l i g i b l e  and regard these as i s o v e l  p a t t e r n s .  
These p a t t e r n s  were ob ta ined  by measuring v e r t i c a l  f l u x  p r o f i l e s  
a t  i n t e r v a l s  on bo th  s ides o f  t he  c e n t e r - l i n e .  Readings were taken t o  
w i t h i n  $ - i n .  o f  t he  f r e e  su r face  and t he  bed. 
No a t tempt  has been made on these f i g u r e s  t o  d e f i n e  t he  v a r i a -  
t i o n  o f  the  f l u x  p a t t e r n  i n  the  r eg ion  very  c l o s e  t o  the  bed where the  
g r a d i e n t s  must be steep t o  s a t i s f y  t he  c o n d i t i o n  t h a t  t h e  v e l o c i t y  a t  t he  
bed be zero .  
I t  may be noted t h a t  t he  bed e x e r t s  a  much s t r onge r  i n f l u e n c e  
on t he  f l o w  p a t t e r n  when t he  s lope  i s  ze ro  as would be expected. For bo th  
s lopes, however the  p a t t e r n  bears l i t t l e  resernblence t o  t h a t  f o r  a  deeply 
submerged j e t  and t he re  i s  a  marked tendency f o r  t he  f l o w  t o  spread ou t  
across t he  w a l l  as w e l l  as a t  t he  f r e e  surface, 





V I .  10. Summary and Comclusions 
The combined e f f e c t  o f  a  nearby  l ower  boundary and f r e e  s u r f a c e  
on a  h o r i z o n t a l  f l o w  from a  c i r c u l a r  j e t  n o z z l e  has been i n v e s t i g a t e d  
e x p e r i m e n t a l l y  w i t h  some p r e l i m i n a r y  a n a l y s i s  u s i n g  a  s i m p l i f i e d  mathe- 
m a t i c a l  model based on R e i c h a r d t ' s  h y p o t h e s i s .  
The h o r i z o n t a l  f l u x  p a t t e r n s  have been shown t o  be Gaussian 
excep t  i n  a  zone o f  i n t e n s e  sp read ing  near  t h e  f r e e  s u r f a c e  and ve ry  c l o s e  
t o  t h e  l ower  boundary.  The v e r t i c a l  l o c a t i o n  o f  t h e  f i l a m e n t  o f  maximum 
f l u x  has been shown t o  depend on t h e  r e l a t i v e  i n f l u e n c e  o f  t h e  upper and 
lower  boundar ies ,  b o t h  o f  wh ich  " a t t r a c t "  t h e  maximum. The f l u x  p a t t e r n s  
have been found t o  be r a d i c a l l y  d i f f e r e n t  f rom those  o f  a  deep ly  submerged 
j e t  f a r  f rom any l ower  boundary and e x h i b i t  a  s t r o n g  tendency t o  spread 
o v e r  t h e  l ower  boundary and a t  t h e  f r e e  s u r f a c e .  
V I I  . CONCLUSIONS AND APPLICATIONS 
V I I .  1. Summary and Conclusions 
Fo l low ing  an i n t r o d u c t o r y  rev iew o f  t h e o r i e s  f o r  the  a n a l y s i s  
o f  t h e  deeply submerged j e t ,  Re ichard t l s  hypo thes is  and Alexander, Baron, 
and Coming's g e n e r a l i z a t i o n  t he reo f  have been cons idered t o  determine 
t h e i r  use fu lness  i n  the  a n a l y s i s  o f  j e t  f l ows  w i t h  complex boundary 
c o n d i t i o n s .  
So lu t i ons  a r e  ob ta ined  f o r  f l u x  d i s t r i b u t i o n s  c l o s e  t o  an a x i -  
symmetric submerged t u r b u l e n t  j e t  o u t l e t .  A l l  s o l u t i o n s  use t abu la ted  
p r o b a b i l i t y  f unc t i ons  o r  exponen t i a l  f u n c t i o n s .  A comparison i s  made 
w i t h  momentum f l u x  data f o r  an ax isymmetr ic  f l o w  and agreement i s  shown 
t o  be good a t  1, 2, 4, 6, 8, and 10 d iameters  downstream from t h e  o u t l e t .  
The gene ra l i zed  Re ichard t  hypo thes is  i s  employed t o  o b t a i n  
Gaussian d i s t r i b u t i o n s  f o r  t he  f l u x  o f  mass, heat ,  and momentum and per-  
m i t s  supe rpos i t i on  o f  e lementary s o l u t i o n s .  The a n a l y s i s  i s  presented 
f o r  plane- and ax i -symmetr ic  f l ows .  An ad j  ustment t o  t h e  o r i g i n  o f  t h e  
data matches a x i a l  f l u x  data w i t h  the  mathematical  model and def ines a  
spreading c o e f f i c i e n t ,  l ead ing  t o  a  complete d e f i n i t i o n  o f  t he  f l u x  d i s -  
t r i b u t i o n .  
The s o l u t i o n s  a r e  i n  t h e  form o f  a  d i s t o r t e d  ch i -square  d i s t r i -  
b u t i o n ,  and two d i s t o r t e d  normal d i s t r i b u t i o n s .  Moreover, a  s imple so lu-  
t i o n  beyond the  p o t e n t i a l  co re  uses the  a x i a l  d i s t r i b u t i o n  o f  f l u x  t o  
o b t a i n  t h e  r a d i a l  d i s t r i b u t i o n  d i r e c t l y .  The a n a l y s i s  shows promise o f  
p r o v i d i n g  s t r a i g h t f o r w a r d  s o l u t i o n s  f o r  f r e e  t u r b u l e n t  f l ows  i n v o l v i n g  
complex boundary cond i t i ons .  
A s i m p l i f i e d  model, employing an image j e t ,  i s  then developed 
t o  represen t  t h e  momentum f l u x  d i s t r i b u t i o n  f o r  a  j e t  w i t h  a  smal l  i n i -  
t i a l  ang le  o f  i n c l i n a t i o n  f rom the  h o r i z o n t a l  c l o s e  t o  a  f r e e  sur face.  
Th i s  q u a l i t a t i v e l y  p r e d i c t s  t he  observed behav io r  o f  such a  j e t  f o r  some 
d i s t ance  downstream from the  nozzle,  u n t i l  t he  maximum f l u x  reaches t he  
f r ee  surface. The q u a n t i t a t i v e  agreement f o r  the v e r t i c a l  l o c a t i o n  o f  
t he  maximum f l u x  a t  any l o n g i t u d i n a l  l o c a t i o n  downstream from the  nozz le  
and f o r  t he  decay o f  t he  maximum f l u x  w i t h  l o n g i t u d i n a l  d i s t ance  i s  found 
t o  be reasonably good w i t h i n  t h i s  range. I s o f l u x  p a t t e r n s  agree reason- 
a b l y  w e l l ,  except near the  f r e e  su r f ace  where t he  s i m p l i f i e d  mathematical  
model f a i l ' s  t o  p r e d i c t  t h e  observed i n t ense  l a t e r a l  spreading. New exper i -  
ments conducted a t  l a r g e  d is tances  downstream from a  sha l low submerged 
ax isymmetr ic  nozz le  show t h a t  t h e  tendency t o  spread l a t e r a l l y  becomes 
more pronounced w i t h  i nc reas ing  d i s t ance  f rom the  nozz le .  The i s o f l u x  
p a t t e r n s  appear t o  be tend ing  toward those o f  t he  lower h a l f  a  plane- 
symmetric f l ow.  
Fu r t he r  exper iments were conducted a f t e r  t he  i n t r o d u c t i o n  o f  a  
plane-bed. Data were c o l l e c t e d  for a  v a r i e t y  o f  j e t  submergences and pos i -  
t i o n s  o f  t he  bed. Several  bed s lopes were t es ted .  Those i n d i c a t e d  t h a t  
t he  f l u x  p a t t e r n s  were s t r o n g l y  i n f l uenced  by t he  bed as w e l l  as t h e  f r e e  
su r face .  The v e r t i c a l  l o c a t i o n  o f  the maximum f l u x  was found t o  depend 
on t he  r e l a t i v e  i n f l u e n c e  o r  p r o x i m i t y  o f  t h e  bed and f r e e  su r f ace  t o  t he  
j e t  nozz le .  Both had an " a t t r a c t i v e "  i n f l u e n c e  on t h e  j e t .  The f l u x  pa t -  
t e r n s  e x h i b i t  a  s t r ong  tendency t o  spread a t  bo th  t h e  bed and t h e  f r e e  
su r face .  
There was i n s u f f i c i e n t  t ime  t o  p e r m i t  a  r i go rous  and complete 
development o f  a  s u i t a b l e  Reichardt  model. However, a  s i m p l i f i e d  model, 
us ing  image j e t s  t o  represent  the  bed and f r e e  su r f ace  i s  suggested f o r  
t h e  r eg ion  o f  f l o w  beyond t he  boundary l a y e r  a t  t he  bed. I t  i s  proposed 
t h a t  t h i s  be employed as the  upper h a l f  o f  a  h y b r i d  s o l u t i o n .  The sug- 
gested model q u a l i t a t i v e l y  p r e d i c t s  the  " a t t r a c t i o n "  o f  the  bed and t he  
f r e e  su r f ace  f o r  the  j e t .  
The use o f  Reichardt ls  hypo thes is  and i t s  g e n e r a l i z a t i o n  there-  
f o r e  appear t o  have e x c e l l e n t  p o t e n t i a l  f o r  t h e  study o f  complex j e t  f l o w  
p a t t e r n s .  
V I I .  2 .  A p p l i c a t i o n  t o  Water Resources Problems 
The exper imenta l  i n f o rma t i on  p resen ted  h e r e i n  p rov i des  some pre-  
v i o u s l y  u n a v a i l a b l e  i n f o rma t i on  on t he  behav io r  o f  sha l low submerged j e t s .  
The i n f l u e n c e  o f  t he  f r e e  su r face  i s  found t o  cause behav io r  which has 
p r e v i o u s l y  been observed f o r  sha l low submerged heated j e t s ,  t h e  e f f e c t s  
f o r  these hav ing been assumed t o  r e s u l t  s o l e l y  f rom the  dens i t y  d i f f e r e n c e  
between t he  j e t  and t he  r e s e r v o i r .  I t  would appear, t he re fo re ,  t h a t  a  
r eeva lua t i on  o f  t he  r o l e  o f  dens i t y  d i f f e r e n c e  f o r  such f l ows  should  be 
made. The tendency f o r  the  maximum f l u x  t o  m ig ra te  toward a  lower 
boundary a l s o  i n d i c a t e s  t h a t  ca re  must be taken i n  the  l o c a t i o n  o f  sub- 
merged o u t f a l l s  t o  i nsu re  t h a t  t h i s  c h a r a c t e r i s t i c  w i l l  no t  r e s u l t  i n  
undes i r ab le  scour.  
The t h e o r e t i c a l  development us ing  Reichardt t 's  hypo thes is  and 
Alexander,  Baron E Coming's genera l  i z a t  i on  t h e r e o f  i n d i c a t e s  t h a t  these 
p r o v i d e  a  u s e f u l  means f o r  syn thes i s i ng  mathemat ica l  models which may 
be used t o  p r e d i c t  many f ea tu res  o f  complex j e t  f l ows  q u a l i t a t i v e l y  and 
some fea tu res  q u a n t i t a t i v e l y .  The methods pe rm i t  t h e  p r e d i c t i o n  o f  t h e  
d i s t r i b u t i o n s  o f  momentum f l u x ,  mass f l u x  and heat  f l u x .  I f  t he  l o n g i -  
t u d i n a l  t u r b u l e n t  f l u c t u a t i o n s  o f  v e l o c i t y  a r e  ignored t h e  momentum 
f l u x  d i s t r i b u t i o n s  reduce immediately t o  v e l o c i t y  d i s t r i b u t i o n s .  The 
methods a r e  immediately a p p l i c a b l e  i n  t he  design o f  submerged o u t f a l l s ,  
syphon s p i l l w a y  o u t l e t s ,  l o c k  d ischarge p o r t s ,  i n  a  p r e d i c t i o n  o f  t he  
d i f f u s i o n  o f  t r a c e r s  i n  streams, and i n  t h e  s i m u l a t i o n  o f  streams d i s -  
charg ing  i n t o  r e s e r v o i r s  o r  t h e  ocean. I n  o r d e r  t o  develop a  s u i t a b l e  
mathemat ica l  model, t he  f l o w  p a t t e r n  i s  assumed t o  c o n s i s t  o f  a  d i s t r i -  
b u t i o n  o f  i n f i n i t e s i m a l  p o i n t  o r  l i n e  source j e t s ,  t oge the r  w i t h  image 
j e t s  t o  represent  t h e  boundar ies.  The f a c t  t h a t  l i n e a r  supe rpos i t i on  i s  
p o s s i b l e  g r e a t l y  s i m p l i f i e s  t h e  a p p l i c a t i o n .  
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